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Abstract

The problemof learning logic programshasbeenresearchedextensively, but other know-
ledge representations formalisms like Description Logics are also an interesting target
language. The importance of inductive reasoningin Description Logics has increased
with the rise of the Semantic Web, becausethe learning algorithms can be used as
a means for the computer aided building of ontologies. Ontology construction is a
burdensometask and powerful tools are neededto support knowledgeengineers.

The thesis focuseson learning ALC conceptde�nitions, although many ideasapply
to concept learning in general. It deeply researches the properties of ALC re�nement
operators, which are an e�cien t way to traversethe spaceof conceptsorderedby sub-
sumption. We give a full theoretical analysisof interesting properties of such operators.
Basedon this analysis,we proposea suitable concretere�nement operator and research
its properties. We show that it is not possibleto de�ne better operators with respect
to the properties we are investigating and establish a complete learning algorithm by
adding an intelligent search heuristic.

As a secondapproach we investigate the use of Genetic Programming to solve the
learning problem in Description Logics. We discussthe characteristicsof Genetic Pro-
gramming in this context and show a way to incorporate re�nement operators in the
Genetic Programming framework. Again, we de�ne a suitable operator and analyseit.
Somefurther extensionslike learning from uncertain data and conceptinvention arealso
proposed.

Besidesthe analysis of the two learning approaches mentioned above, we will also
brie�y investigate current problems in evaluating conceptsand describe possiblesolu-
tions.
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1 Intro duction

The �eld of Machine Learning (Mitc hell, 1997) is an important area of Arti�cial Intel-
ligence(Russeland Norvig, 2003). Sincelogic is an important foundation of Arti�cial
Intelligence,it is natural that learning logic programs(alsocalled induction) plays a sig-
ni�can t role in Machine Learning. While the induction of logic programshasbeenstud-
ied extensively in Inductive Logic Programming (ILP) (Nienhuys-Chengand de Wolf,
1997)other knowledgerepresentation languagesalsodeserve attention. Description Log-
ics (Baader et al., 2003) are an interesting fragment of �rst order logic with decidable
inferencemethods. They have an easyto understandand readablesyntax without func-
tion symbols and variables. Horn logicsand Description Logicsare incomparable(none
includesthe other asa fragment), which is another argument for consideringlearning in
Description Logics worthwhile. Description Logics are also usedfor the Semantic Web
(Berners-Leeet al., 2001)asunderlying knowledgerepresentation formalism for ontolo-
gies. The World Wide Web Consortium and many KRR (knowledgerepresentation and
reasoning)research groupsconsiderit the most suitable choicefor representing machine
processableknowledgein the web. The Web Ontology Language(OWL), which is used
to formally de�ne terminologies,is basedon Description Logics.

When we investigatelearning methods in Description Logicswe have two application
areasin mind:

First, we can consider classical ILP application areas(see Bratko and Muggleton,
1995). There is a variety of existing ILP systemsand ILP hasbeenapplied successfully
in many areas,e.g. learning drug-structure activit y rules for Alzheimer's disease,pre-
dicting mutagenesis,and many more. While Description Logicsare di�erent from logic
programs,it may be the casethat for someof the tasks,whereILP is used,Description
Logics are also suited. For sometasks it may even be a better target language. (The
usedtarget languageis an important bias of a learning algorithm, so the performance
of a learning algorithm greatly dependson whether the target languageis appropriate.)

The secondapplication areaof our work is ontology engineeringin the Semantic Web.
A lot of research e�ort has beenspent to develop knowledgerepresentation formalisms
for the Semantic Web and standardisethem. However, the creation of ontolgies is still
a bottleneck. Building up an ontology is a di�cult and error-prone task, so there is
currently a great needfor tool support in this area. Our approach helps to overcome
this problem by automatically inducing conceptde�nitions (conceptsare called classes
in the OWL context) from examples.This meansthat the knowledgeengineercanselect
positive and negative examplesfor the classhe wants to de�ne and will automatically
receivea correctclassde�nition. The �rst advantageof this approach is that the obtained
de�nition is guaranteed not to contradict other knowledgein the ontology. Furthermore
the induced de�nition is likely to cover all important aspects of the class,which the
knowledgeengineermay have missedor doesnot know about.

Learning in Description Logicshasattracted someattention during the 90s,e.g. (Co-
hen and Hirsh, 1994). It has recently gainedmomentum (Esposito et al., 2004)due to
the rise of the Semantic Web. So far only a few learning systemsexist in practise with
YINYANG being the most recent one(seeIannoneand Palmisano,2005,for the theory
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1 Introduction

underlying the YINYANG system) .
Re�nement operators have beenshown to be sucessfulin Inductive Logic Program-

ming, soa large part of the thesiswill be devoted to a thorough analysisof such opera-
tors. For the description languageALE R sometheoretical issueshave beenresearched
in (Badea and Nienhuys-Cheng,2000). In this thesis we will give a full analysis of
interesting properties of re�nement operators for the description languageALC. To
the best of our knowledge, such a complete analysis has not been done before for a
description language. Using this theoretical analysis as a starting point, we design a
new re�nement operator for ALC and extend this step-by-step to a complete learning
algorithm. We believe that the algorithm we invent o�ers a number of advantagesover
existing approaches. Later in the thesis, we will introduce the novel idea of using Ge-
netic Programming (seeKozaet al., 2003,for a generaloverview) for concept learning.
In particular, we will show how to usefully combine re�nement operators and genetic
programming. We think that thesecontributions will be usefulfor practical applications
and the future research in the �eld of learning in Description Logics.

Outline In Section2 we will give a brief introduction in Description Logics. Of course,
it is impossibleto cover all important aspectsof DescriptionLogics,but wewill introduce
all necessarynotions, which are neededto understand the content of the thesis. We
will also show the connection between Description Logics and ontology languages,in
particular OWL. Section 3 introducesthe learning problem in Description Logics. In
this sectionwewill describe the goalwewant to achieve and givean overviewof a general
framework for solving it. We proposetwo solution approachesin Section4 and 5.

In Section4 wewill introducethe notion of re�nement operatorsand de�ne interesting
properties of such operators like completeness,weak completeness,properness,non-
redundancy, and �niteness. After that we do a full analysisof theseproperties, i.e. we
look which of theseproperties can be combined and which properties are impossibleto
combine. This servesasa useful guide for designingconcreteoperators. We will design
such an operator and show that it is complete. Then we will extend it to a complete
and proper operator. We will give reasonswhy weakly complete, proper, and non-
redundant operators are impractical (although they exist). We show that redundancy
can be avoided for a completeand proper operator by using a redundancy-eliminating
heuristic. We show how such a heuristic works and which steps have to be done to
implement it e�cien tly. After mentioning further optimisations, we formally de�ne a
full learning algorithm, prove its correctnessand analyseits characteristics. Finally an
examplerun is presented.

Section5 starts with an overview of Evolutionary Computing and then presents Ge-
netic Programming as an evolutionary algorithm in more detail. It is more appropriate
to view GeneticProgrammingasa framework insteadof looking at it asa speci�c algo-
rithm. What we introduce�rst is the standard approach, which is widely used. We then
discussthe characteristics of this approach and concludethat modi�cations are neces-
sary to create an e�cien t learning algorithm. As main modi�cation we introduce so
called geneticre�nement operators, which provide a way to usere�nement operatorsas
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geneticoperators. We show how this works in generalfor all �nite re�nement operators
and then de�ne a concretere�nement operator, which is suitable for learning within the
Genetic Programming framework. In this sectionwe will also show how the algorithm
can handle noise,learn from uncertain data and invent new helper concepts.

Section6 looksat the quality measurement of concepts.Quality measurement means
to measurehow good a concept is, i.e. to compute which examplesare covered (follow
logically) by a concept. Weshow that the OpenWorld Assumption in DescriptionLogics
can be a problem in learning. To solve this problem, we propose a simple retrieval
algorithm, which can reasonunder a �xed domain (so the Open World Assumption is
weakenend) and is sound and incomplete. We show that with somerestrictions the
algorithm is alsocompleteand we give reasonswhy it makessenseto usethe algorithm
within the learning framework.

Finally in Section7, we summarisethe results of the thesis and look at future work
and research directions.
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2 Description Logicsand Ontology Languages

2 Description Logics and Ontology Languages

Description Logicsis the nameof a family of knowledgerepresentation (KR) formalisms.
They emergedfrom earlierKR formalismslikesemantic networks and frames. The origin
is a work of Bachman on structured inheritance networks (Brachman, 1978). Since
then Description Logics have enjoyed increasingpopularity. They can essentially be
understood as fragments of �rst order predicate logic. They have lessexpressive power,
but usually decidableinferenceproblemsand a user-friendly variable free syntax.

Description Logicsrepresent knowledgein terms of objects, concepts, and roles. Con-
cepts formally describe notions in an application domain, e.g. we could de�ne the con-
cept of being a father as"a man having a child". Objects are membersof entities in the
application domain and rolesare binary relations betweenobjects. Objects correspond
to constants, conceptsto unary predicates,and roles to binary predicatesin �rst order
logic.

In Description Logic systemsinformation is stored in a knowledgebase. It is divided
in two parts: TBox and ABox. The ABox contains assertionsabout objects. It relates
objects to conceptsand roles. The TBox describesthe terminology by relating concepts
and roles. (For someexpressive description logicsthis clear separationdoesnot exist.)

As mentioned before, DLs are a family of KR formalisms. In order to simplify the
introduction we will introducethe ALC Description Logic asa prototypical exampleand
then brie�y describe other description logics.

2.1 The Description Language ALC

ALC stands for attribute languagewith complement. It allows to construct complex
conceptsfrom simpler onesusingvariouslanguageconstructs. The next de�nition shows
how such conceptscan be build.

De�nition 2.1 (syn tax of ALC concepts)
Let NR be a set of role names and NC be a set of concept names(NR \ NC = ; ).
The elements of the latter set are called atomic concepts. The set of ALC conceptsis
inductively de�ned as follows:

1. Each atomic conceptis a concept.

2. If C and D are ALC conceptsand r 2 NR a role, then the following are alsoALC
concepts:

� > (top), ? (bottom)

� C t D (disjunction), C u D (conjunction), : C (negation)

� 8r:C (value/universal restriction), 9r:C (existential restriction) �

The following rule is a more succinct description of ALC syntax:

C; D ! A j > j ? j : C j C u D j C t D j 8r:C j 9r:C
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We now know how to syntactically build ALC concepts.We still have to de�ne their
semantics. As usual in logic this is doneby interpretations.

De�nition 2.2 (in terpretation)
An interpretation I consistsof a non-empty interpretation domain � I and an interpre-
tation function �I , which assignsto each A 2 NC a set A I � � I and to each r 2 NR a
binary relation r I � � I � � I . �

As wecanseefrom De�nition 2.2atomic conceptsareinterpreted assetsof objectsand
rolesare interpreted asbinary relations. We will now extend the interpretation function
to complexALC terms. This is doneas shown in Table 1. Given an interpretation this
allows us to interpret any ALC concept.

construct syntax semantics
atomic concept A A I � � I

role r r I � � I � � I

top concept > � I

bottom concept ? ;
conjunction C u D (C u D)I = CI \ D I

disjunction C t D (C t D)I = CI [ D I

negation : C (: C)I = � I n CI

exists restriction 9r:C (9r:C) I = f a j 9b:(a;b) 2 r I and b2 CI g
value restriction 8r:C (8r:C) I = f a j 8b:(a;b) 2 r I implies b2 CI g

Table 1: ALC semantics

Example 2.3 (in terpreting concepts)
Let the interpretation I be given by:

� I = f MONICA; JESSICA; STEPHENg

WomanI = f MONICA; JESSICAg

hasChild I = f (MONICA; STEPHEN); (STEPHEN; JESSICA)g

We then have:
(Womanu 9hasChild :> ) I = f MONICAg �

Previously we mentioned that a DL knowledgebaseconsistsof TBox and ABox. We
will �rst introduceTBoxesand then ABoxes.

De�nition 2.4 (terminological axiom)
If C and D areconcepts,then C v D and C � D are terminological axioms. The former
axiomsare called inclusions and the latter equalities. �

We can de�ne the semantics of terminological axioms in a straightforward way. An
interpretation I satis�es an inclusion C v D if C I � D I and it satis�es the equality
C � D if CI = D I . I satis�es a set of terminological axioms if it satis�es all axioms in
the set.
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2 Description Logicsand Ontology Languages

De�nition 2.5 (mo del of terminological axioms, equiv alence)
An interpretation, which satis�es a (set of) terminological axioms is called a model of
this (set of) axioms. Two (setsof) axiomsare equivalent if they have the samemodels.�

De�nition 2.6 (concept de�nition)
An equality whoseleft hand side is an atomic conceptis a concept de�nition . �

De�nition 2.7 (TBo x)
A �nite set T of concept de�nitions is called TBox if it does not contain multiple
de�nitions (a conceptnamedoesnot occur more than onceon the left hand side). �

Often a di�erent de�nition of a TBox is used,which is sometimescalledgeneralTBox.
In this thesiswe refer to generalTBoxesunlessmentioned otherwise.

De�nition 2.8 ((general) TBo x)
A �nite set T of terminological axioms is called a (general) TBox. �

TBoxes are usedto describe the relationship betweenconcepts. The next step is to
look at ABoxes,which relate objects to conceptsand roles.

De�nition 2.9 (assertion)
Let N I be the set of object names(disjoint with NR and NC ). An assertion has the
form C(a) (concept assertion) or r (a;b) (role assertion), wherea, b are object names,C
is a concept,and r is a role. �

De�nition 2.10 (ABo x)
An ABox A is a �nite set of assertions. �

Objects are alsocalled individuals. To allow interpreting ABoxeswe extend the de�-
nition of an interpretation. Additionally to mapping conceptsto subsetsof our domain
and roles to binary relations, an interpretation has to assignto each individual name
a 2 N I an element aI 2 � I . In particular di�erent individual namesmust not be
mapped to the samedomain element. This is required in order to satisfy the unique
namesassumption (UNA), which states that individuals with di�erent nameshave to
be interpreted as di�erent individuals.

De�nition 2.11 (mo del of an ABo x)
An interpretation I is a model of an ABox A (written I j= A ) if aI 2 CI for all
C(a) 2 A and (aI ; bI ) 2 r I for all r (a;b) 2 A . �

De�nition 2.12 (mo del of a knowledge base)
An interpretation I is a model of a knowledgebaseK = (T ; A ) (written I j= K) i� it is
a model of T and A . �

Example 2.13 (mo dels of a knowledgebase)
We have introducedbasic notions relating to DL knowledgebasesand interpretations.
An exampleis in order. Let the knowledgebaseK = (T ; A ) be given by:
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TBox T :

Man� : Woman

Mother � Womanu 9hasChild :>

ABox A :

Man(STEPHEN):

: Man(MONICA):

Woman(JESSICA):

hasChild (STEPHEN; JESSICA):

We will now look at someinterpretations and determine whether or not they are a
model of K . For all interpretations we usethe domain f MONICA; JESSICA; STEPHENg and
all object namesare interpreted in the obvious way (STEPHENis interpreted asSTEPHEN
etc.).

Let the interpretation I 1 be given by:

ManI 1 = f JESSICA; STEPHENg

WomanI 1 = f MONICA; JESSICAg

MotherI 1 = ;

hasChild I 1 = f (STEPHEN; JESSICA)g

Clearly this doesnot satisfy T , becausethe de�nition Man� : Womanis not satis�ed. We
have ManI 1 = f JESSICA; STEPHENg and (: Woman) I 1 = f STEPHENg, which are not equal.
However, I 1 satis�es A .

Let the interpretation I 2 be given by:

ManI 2 = f STEPHENg

WomanI 2 = f JESSICA; MONICAg

MotherI 2 = ;

hasChild I 2 = ;

I 2 satis�es T , but doesnot satisfy A , becausewe have hasChild (STEPHEN; JESSICA) 2
A but (STEPHENI 2 ; JESSICAI 2 ) 62hasChild I 2 .

Let the interpretation I 3 be given by:

ManI 3 = f STEPHENg

WomanI 3 = f JESSICA; MONICAg

MotherI 3 = f MONICAg

hasChild I 3 = f (MONICA; STEPHEN); (STEPHEN; JESSICA)g

I 3 is a model of T and A , so it is a model of K . One may arguethat nothing in our
knowledgebasejusti�es the fact that we interpret MONICAas mother. However, in DLs
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2 Description Logicsand Ontology Languages

we usually have the open world assumption. This meansthat the given knowledge is
viewed as incomplete. There is nothing, which tells us that MONICAis not a mother.
In databasesone usually usesthe closed world assumption, i.e. all facts, which are not
explicitly stored, are assumedto be false. �

2.2 Reasoning in Description Logics

As we have seena knowledgebasecan be usedto store the information we have about
the application domain. Besidesthis explicit knowledge we can also deduceimplicit
knowledge from a knowledge base, e.g. from the fact that JESSICAbelongs to the
concept Womanand the axiom Man� : Womanwe can deducethat JESSICAdoes not
belongto the conceptMan. It is the aim of inference algorithms to extract such implicit
knowledge. There are somestandard reasoningtasks in Description Logics, which we
will brie�y describe.

In terminological reasoning we reasonabout concepts. The standard problems are
satis�ability and subsumption. Intuitiv ely satis�abilit y determinesif a concept can be
satisi�ed, i.e. it is free of contradictions. Subsumptionof two conceptsdetectsif oneof
the conceptsis more generalthan the other.

De�nition 2.14 (satis�abilit y)
Let C be a conceptand T a TBox. C is satis�able i� there is an interpretation I such
that CI 6= ; . C is satis�able with respect to T i� there is a model I of T such that
CI 6= ; . �

Example 2.15 (satis�abilit y)
Maleu Femaleis satis�able. However, it is not satis�able with respect to the TBox in
Example 2.13. �

De�nition 2.16 (subsumption, equiv alence)
Let C, D be conceptsand T a TBox. C is subsumed by D, denotedby C v D, i� for
any interpretation I we have C I � D I . C is subsumed by D with respect to T (denoted
by C v T D) i� for any model I of T we have C I � D I .

C is equivalent to D (with respect to T ), denotedby C � D (C � T D), i� C v D
(C v T D) and D v C (D v T C).

C is strictly subsumed by D (with respect to T ), denoted by C @ D (C @T D), i�
C v D (C v T D) and not C � D (C � T D). �

Example 2.17 (subsumption)
Mother is not subsumedby Woman. However, Mother is subsumedby Womanwith respect
to the TBox in Example 2.13. �

In assertional reasoning we reasonabout objects. The consistencyproblem is the
questionwhether an ABox hasa model. The instance problemis to �nd out whether an
object is an instanceof a concept,i.e. belongsto it. Retrieval is the problem of �nding
all instancesof a given concept.
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De�nition 2.18 (consistency)
An Abox A is consistent i� it has a model. An ABox A is consistent with respect to a
TBox T i� A and T have a commonmodel. �

Example 2.19 (consistency)
The ABox f Maleu : Male(STEPHEN)g is inconsistent. �

De�nition 2.20 (instance)
Let A be an ABox, T a TBox, K = (T ; A ) a knowledgebase,C a concept,and a 2 N I

an object. a is an instance of C with respect to A , denotedby A j= C(a), i� in any
model I of A we have aI 2 CI . a is an instance of C with respect to K , denotedby
K j= C(a), i� in any model I of K we have aI 2 CI .

To denote that a is not an instanceof C with respect to A (K) we write A 6j= C(a)
(K 6j= C(a)). �

De�nition 2.21 (retriev al)
Let A be an ABox, T a TBox, K = (T ; A ) a knowledge base, C a concept. The
retrieval RA (C) of a concept C with respect to A is the set of all instancesof C:
RA (C) = f a j a 2 N I and A j= C(a)g. Similarly the retrieval RA (C) of a concept C
with respect to K is: RK (C) = f a j a 2 N I and K j= C(a)g �

Example 2.22 (instance, retriev al)
In Example 2.13 we have RK (Woman) = f JESSICA; MONICAg. JESSICAand MONICAare
instancesof Woman, becausein any model I of K we have JESSICAI 2 WomanI and
MONICAI 2 WomanI . �

2.3 Normal Forms

In this sectionwe will introducenormal forms of ALC concepts,which will be of interest
later on. A normal form of a given conceptis an equivalent concept,i.e. it hasthe same
meaning,but di�ers in its syntactical representation. The most well known normal form
of ALC conceptsis the negationnormal form.

De�nition 2.23 (negation normal form)
An ALC conceptis in negation normal form if negationonly occurs in front of concept
names. �

It is usually the casethat we can producea normal form of an arbitrary conceptwith
the help of rewriting rules. An ALC normal form of a conceptcan be obtained by using
the following rewrite rules (which have to be applied exhaustively):
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2 Description Logicsand Ontology Languages

:? ! >

:> ! ?

:: C ! C

: (C t D) ! : C u : D

: (C u D) ! : C t : D

: (8r:C) ! 9r:: C

: (9r:C) ! 8r:: C

Example 2.24 (negation normal form)
The negationnormal form of the concept: (9r:: A u (A t 8r:A)) is 8r:A t (: A u 9r:: A).�

We can also de�ne conceptsin negation normal form inductively. In contrast to the
de�nition of ALC concepts (De�nition 2.1, page 8) we will omit parenthesesin the
caseof nesteddisjunctions and conjunctions, e.g. ((C1 u C2) u C3) u C4 is written as
C1 u C2 u C3 u C4.

De�nition 2.25 (inductiv e de�nition of negation normal form)
The set of ALC conceptsin negationnormal form is inductively de�ned as follows:

1. If A 2 NC then A and : A are ALC conceptsin negationnormal form.

2. If C; C1; : : : Cn are ALC conceptsin negation normal form and r 2 NR , then the
following are alsoALC conceptsin negationnormal form:

� >

� ?

� C1 u � � � u Cn

� C1 t � � � t Cn

� 8r:C

� 9r:C �

De�nitions 2.23 and 2.25 are equivalent. Obviously every concept, which satisi�es
De�nition 2.25,hasthe negationsymbol only in front of atomic concepts.And conversely
a concept,which satis�es De�nition 2.23,can be build like in De�nition 2.25,becauseit
corresponds to the de�nition of ALC conceptswith the exceptionthat negation is only
allowed in front of atomic concepts.

A more restricted version than negation normal form is ALC normal form. ALC
normal form is not as widely usedas negation normal form. It has beende�ned in a
similar way like we will do it here in (Brandt et al., 2002).
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De�nition 2.26 (ALC normal form)
A conceptC is in ALC normal form i� C � > or C � ? or C = C1 t � � � t Cn with

Ci =
l

A2 pos(Ci )

A u
l

A2 neg(Ci )

: A u
l

r 2 N R

0

@
l

C02 exr (Ci )

9r:C0u 8r:valr (Ci )

1

A

with

� pos(C) is the set of all atomic conceptsoccuring on the top level conjunction of C

� neg(C) is the set of all negatedatomic conceptsoccuring on the top level conjunc-
tion of C

� valr (C) is

C0 if there existsa valuerestriction of the form 8r:C0 on the top level conjunction
of C (due to the equivalence8r:(C1 u C2) � 8r:C1 u 8r:C2 we can assume
without loss of generality that only one such value restriction exists on the
top level conjunction of C)

> otherwise

� exr (C) = f C0 j there exists 9r:C0 on the top level conunction of Cg �

An ALC normal form of a given ALC concept can be reached by moving negations
inside,placingdisjunctionsover conjunctions,e.g. (A1 t A2)u A3 � (A1u A3) t (A2u A3),
and by using the equality 8r:(C1 u C2) � 8r:C1 u 8r:C2.

Unfortunately a transformation of a conceptto ALC normal form cantakeexponential
time (Brandt et al., 2002). The sizeof the ALC normal form of the concept(A1 t A2) u
� � � u (A2n� 1 t A2n ) is exponential (with respect to n). In contrast the negation normal
form of a given concept C can at most add a negation symbol in front of all concept
namesin C, so this transformation at most doublesthe length (later we will de�ne the
notion of the length of a conceptformally).

2.4 Other Description Languages

In the areaof DescriptionLogicsa variety of di�erent DescriptionLanguageshasevolved.
In principle many of the notions and ideaswe introducedfor ALC can be transferedto
other Description Languages.

While �rst orderpredicatelogic is undecidableDescriptionLogicsareusuallydecidable
fragments of �rst order logic. Description Languagesmainly di�er in their expressive
power and syntactic structures.

There is a namingschemefor DescriptionLogics. As mentioned beforeALC standsfor
attribute languagewith complement. The letters in the nameof a Description Language
describe its syntactic constructs. Someof theseletters and their corresponding(informal)
meaningare:
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2 Description Logicsand Ontology Languages

construct syntax semantics
atomic concept A A I � � I

role r r I � � I � � I

nominals f og f ogI � � I ; jf ogjI = 1
top concept > � I

bottom concept ? ;
conjunction C u D (C u D)I = CI \ D I

disjunction C t D (C t D)I = CI [ D I

negation : C (: C)I = � I n CI

exists restriction 9r:C (9r:C) I = f a j 9b:(a;b) 2 r I and b2 CI g
value restriction 8r:C (8r:C) I = f a j 8b:(a;b) 2 r I implies b2 CI g
atleast restriction � n r:C (� n r ) I = f a j j(f b j (a;b) 2 r I gj � ng
atmost restriction � n r:C (� n r ) I = f a j j(f b j (a;b) 2 r I gj � ng

Table 2: syntax and semantics for conceptsin SHOI N

S ALC + transivit y: Transitivit y allows to expressthat a role is transitive.

H subroles:r v s says that r is a subroleof s, i.e. r I � sI .

I inverseroles: r � denotesthe inverserole of r , i.e. (a;b) 2 r I i� (b;a) 2 r � I .

O nominals: Setsof objectscanbeusedto construct concepts,e.g. f MONICAg denotes
the singleton set, which only contains MONICA. This can be used as a concept
constructor. Nominals are useful in caseswherethe members of a conceptshould
be enumerated,e.g. the members of the EuropeanUnion.

N number restrictions: Allows constructs of the form � n r and � n r to build
concepts. This is useful if you want to de�ne a concept like "mother of at least
three children" (Womanu � 3 hasChild ).

Q quali�ed number restrictions: Concept constructors of the form � n r:C and
� n r:C can be used. If C is the top concept, this is equivalent to (unquali�ed)
number restrictions. This is useful to de�ne a concept like "mother of at least
three male children" (Womanu � 3 hasChild :Male).

F functional roles: Allows to expressthat a role r is functional, which is equivalent
to the axiom > v� 1 r .

D data types: Data typesareusedto incorporatedi�erent typesof data e.g. numbers
or strings in Description Logics. This allows for instanceto de�ne the conceptof
an old personasa personof age65or higher. Techniquesfor integrating data types
in Description Logicshave beendeveloped, but will not be discussedfurther.

An interesting Description Languagein context of the Semantic Web (Berners-Lee
et al., 2001) is SHOI N (D). Table 2 shows how conceptscan be constructed in this
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classconstructor SHOI N syntax
Thing >
Nothing ?
intersectionOf C1 u � � � u Cn

unionOf C1 t � � � t Cn

complementOf : C
oneOf f x1g t � � � t f xng
allValuesFrom 8r:C
someValuesFrom 9r:C
maxCardinality � n r
minCardinality � n r
cardinality � n r u � n r

Table 3: classconstructorsin OWL-DL

language.Wecanseefrom its namethat SHOI N (D) alsoallowsfor di�erent statements
about roles. The set of all role statements is sometimescalledRBox in analogyto TBox
and ABox.

2.5 The OWL Ontology Language

OWL is an acronym for WebOntologyLanguage. The speci�cation of OWL is maintained
by the World Wide Web Consoritum (W3C). It allows the construction of ontologies
and currently comesin three �a vors: OWL-Lite, OWL-DL, and OWL-Full. OWL-DL
is currently basedon the description languageSHOI N (D) and OWL-Lite is based
on SHI F (D). In the OWL 1.1 speci�cation OWL-DL may be basedon SRO I Q(D),
which is moreexpressive than SHOI N (D). OWL-Lite is lessexpressive than OWL-DL.
OWL-Full is more expressive, but undecidable(seee.g. Horrocks et al., 2003). This is
not hard to show, becausethere are restrictions, which werenecessaryto keepOWL-DL
decidable,and do not apply to OWL Full. OWL-DL is of great importance within the
Semantic Web, becauseit has been establishedas a standard for creating ontologies.
Many ontology editors like Protegé (Gennari et al., 2003) and reasonerslike KAON2
(seeMotik, 2006), Racer (Haarslev and Möller, 2003), Pellet (Sirin and Parsia, 2004),
and many more exist for OWL-DL.

OWL-DL classescorrespond to conceptsin Description Logics and properties corre-
spond to roles. OWL-DL o�ers moreconvenienceconstructsthan SHOI N (D), but does
not extend its expressivity. It shouldbe noted that OWL-DL doesnot make the unique
nameassumption,so di�erent individuals can be mapped to the samedomain element.
However, it allows to expressequality and inequality betweenindividuals (a = b, a 6= b).
This is not a real extensionof SHOI N (D), becausethere are reasoningalgorithms,
which do not make the unique nameassumption,and alsoallow for expressingequality
and inequality between individuals (actually most algorithms support this). Tables3
and 4 show how constructs in OWL can be mapped to Description Logics. Description
Logics are a well understood formalism. By basing OWL-DL on Description Logics,
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2 Description Logicsand Ontology Languages

axiom SHOI N syntax
subClassOf C1 v C2

equivalentClass C1 � C2

disjointWith C1 � : C2

sameIndividualAs f x1g � f x2g
di�erentFrom f x1g v :f x2g
domain 8r:> v C
range > v 8r:C
subPropertyOf r 1 v r2

equivalentProperty r 1 � r2

inverseOf r 1 � r �
2

transitiveProperty r + v r
functionalProperty > v � 1 r
inverseFunctionalProperty > v � 1 r �

Table 4: axioms in OWL-DL

it can make use of the theory developed for DLs in particular sophisticatedreasoning
algorithms.

The most important reasonfor mentioning OWL-DL as ontology languagefor the
Semantic Web in this thesis and showing that its foundation is the Description Logic
SHOI N (D), is that all of the learning methods for Description Logicscan alsobe used
for OWL-DL. As a consequencethe methods presented in the following sectionsare
strongly linked to ontologiesin the Semantic Web. One application of learning concepts
in Description Logics is to use it as a helper method for building new classesin an
existing ontology.
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3 The Learning Problem

In this sectionwe will brie�y describe the learning problem in Description Logics. The
processof learning in logics, i.e. �nding logical explanations for given data, is also
called inductive reasoning. In a very generalsetting this meansthat we have a logical
formulation of background knowledgeand someobservations. We are then looking for
ways to extend the background knowledgesuch that we can explain the observations,
i.e. they can be deducedfrom the modi�ed knowledge. More formally we are given
background knowledge B, positive examplesE + , negative examplesE � and want to
�nd a hypothesisH such that from H together with B the positive examplesfollow and
the negative examplesdo not follow. It is not required that the samelogical formalism
is usedfor background knowledge,examples,and hypothesis,but often this is the case.

The most prominent research areawithin inductive reasoningis the induction of logic
programs(Nienhuys-Chengand de Wolf, 1997). In many casesProlog (a popular logic
programming language)programsare induced. In this thesiswe are not concernedwith
inducing logic programs,but instead we want to �nd conceptde�nitions in Description
Logics.

For learning in Description Logics we can give a more speci�c description of the
learning problem. The background knowledge is a knowledgebaseK. The goal is to
�nd a de�nition for a conceptwe want to call Target . Hencethe examplesare of the
form Target (a) where a 2 N I is an individual. We are then looking for an acyclic
concept de�nition of the form Target � C such that we can extend our knowledge
baseby this de�nition. Let K 0 = K [ f Target � Cg be this extendedknowledgebase.
Then we want that the positive examplesfollow from it, i.e. K 0 j= E + , and the negative
examplesdo not follow, i.e. K 0 6j= E � . Pleasenote that the description languageof the
background knowledgecan be more expressive than the languageof the conceptC we
want to learn. Later on we will focus on learning ALC concepts,but languageof the
background knowledgecan be e.g. SHI Q or SHOI N (D).

De�nition 3.1 (learning problem in Description Logics)
Let a conceptname Target , a knowledgebaseK, and setsE + and E � with elements
of the form Target (a) (a 2 N I ) be given. The learning problem is to �nd a conceptC
such that Target � C is an acyclic de�nition and for K 0 = K [ f Target � Cg we have
K0 j= E + and K0 6j= E � . �

Someremarksabout the learning problem are in order. First of all there are slightly
di�erent formulations of the learning problem in the literature. A possibledi�erent
setting is that the negative examplesare of the form : Target (a) (a 2 N I ) and also
have to follow, i.e. K 0 j= E � . Due to the open world assumptionin Description Logics
there is a di�erence between facts logically following from a knowledge baseand the
negation of a fact following from the knowledge base. Both ways of formulating the
learning problem are meaningful and actually most of the content of this thesiscan be
usedfor both formulations of the problem. We decidedto focus on one formulation of
the learning problem to keepthe presentation of the solution methods more compact.
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3 The Learning Problem

The acyclicity restriction in the de�nition of the learning problem is mostly madefor
reasonsof e�ciency . If the de�nition is acyclic, then we check whether a concept C
is a solution of the learning problem by posing C as a (retrieval or instance) query to
the knowledgebase,i.e. we do not needto modify the knowledgebase.For an example
Target (a) instead of checking K 0 j= Target (a) we check K j= C(a). This allows the
use of more e�cien t algorithms and in particular an extensive pre-processingof the
knowledgebase(seeSection6).

background knowledge
(OWL-DL, DL-KB)

positive and negative
examples

preprocessedbackground
knowledge

conceptquality
measure

retrieval or instance
algorithm

conceptgeneratore.g.
brute force, random, GP,
re�nement operator based

optional preprocessor

queries

return results test concept return qualityuse

use

Figure 1: overview of the learning framework

Figure 1 givesan overview how the learning problem canbe solved. In this sectionwe
do not want to focuson a particular solution method, but introducea generalframework.
Conceptlearningcanbeseenasa search process,soweneedto havea method to generate
concepts(seebottom right in Figure 1). This can for instancebe an algorithm, which
randomly createsconceptsor an algorithm which generatesthe set of all concepts,e.g.
from smaller to larger concepts,until a solution is found. However, it should be clear
that such approachesare not very e�cien t. Insteadwe want to look at other approaches
likeGeneticProgramming(GP) and combinations of re�nement operators(to bede�ned
in Section4) and heuristics.

After a concept is generatedwe measureits quality. In the simplest casewe could
just measurewhether it is a solution. Often we will use the number of positive and
negative examples,which are covered by the generatedconcept. (We say that a concept
covers an examplee if K 0 j= e, where K 0 is de�ned as above.) To seeif an example
is covered we have to call a Description Logic reasoner,which works on the (possibly
pre-processed)background knowledge. While the main topic of this thesis is to create
an e�cien t conceptgeneratorwe will also brie�y look at reasoningin Section6. This
is useful since there are special requirements for reasoningalgorithms in the learning
framework: We make a large number of querieson the sameknowledge base(so we
should perform extensive pre-processing)and all the queriesare instance or retrieval
queries,i.e. we needassertionalreasoning.
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In the remainderof this sectionwe will introducesomenecessarynotions. The main
purposeof this sectionis to de�ne a commonproblem description for the solution meth-
ods presented in Section4 and 5.

When we speakabout conceptsaspossibleproblem solutions it is useful to introduce
someshortcuts for the two main criteria: covering all positive examplesand not covering
negative examples.

De�nition 3.2 (complete, consisten t, correct)
Let C be a concept, K the background knowledge base, Target the target concept,
K0 = K [ f Target � Cg the extendedknowledgebase,and E + and E � the positive and
negative examples.

C is complete with respect to E + if for any e 2 E + we have K0 j= e. C is consistent
with respect to E � if for any e 2 E � we have K0 6j= e. C is correct with respect to E +

and E � if C is completewith respect to E + and consistent with respect to E � . �

De�nition 3.3 (to o strong, to o weak, overly general, overly special)
Let C be a concept, K the background knowledge base, Target the target concept,
K0 = K [ f Target � Cg the extendedknowledgebase,and E + and E � the positive and
negative examples.

C is too strong with respect to E � if C is not consistent with respect to E � . C is too
weak with respect to E + if C is not completewith respect to E + .

C is overly general with respect to E + and E � if C is completewith respect to E + ,
but not consistent with respect to E � . C is overly speci�c with respect to E + and E �

if C is consistent with respect to E � but not completewith respect to E + . �

Sofar we have only looked at how a possiblesolution classi�esthe examples.Another
important criteria is the length of a concept. By the well-known Occam'srazor principle
(Blumer et al., 1990),we shouldchoosethe simplesthypothesisfor explaining the data.
For our learningproblemthis meansthat from two conceptswe shouldprefer the simpler
one if both classify the examplesequally good. The reasonis that smaller concepts
usually generalisebetter to unseenexamples,i.e. their predictive quality is better. If
smaller conceptsclassifythe examplescorrectly this is lesslikely to be a coincidence.

We measuresimplicity asthe length of a concept,which is de�ned below in a straight-
forward way.

De�nition 3.4 (length of a concept)
The length jCj of a concept C is de�ned inductively (A standsfor an atomic concept):

jAj = j>j = j?j = 1

j: D j = jD j + 1

jD u Ej = jD t E j = 1 + jD j + jE j

j9r:D j = j8r:D j = 2 + jD j �
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4 Re�nement Operators for ALC Concepts

4 Re�nement Op erato rs for ALC Concepts

4.1 Intro duction

The goalof learningasde�ned in Section3 is to �nd a correctconceptwith respect to the
examples.This can be seenasa search processin the spaceof concepts.A natural idea
is to imposean ordering on this search spaceand useoperators to traverseit. This idea
is well-known in Inductive Logic Programming (Nienhuys-Chengand de Wolf, 1997),
where re�nement operators are widely used to �nd hypotheses. Intuitiv ely downward
(upward) re�nement operatorsconstruct specialisations(generalisations)of hypotheses.

De�nition 4.1 (re�nemen t operator)
A quasi-ordering is a re�exive and transitive relation. In a quasi-orderedspace(S;� ) a
downward (upward) re�nement operator � is a mapping from S to 2S, such that for any
C 2 S we have that C0 2 � (C) implies C0 � C (C � C0). C0 is called a specialisation
(generalisation) of C. �

This idea can be usedfor searching in the spaceof concepts.As ordering we can use
subsumption. (Note that the subsumption relation v T is a quasi-ordering.) Often it
makessenseto take the TBox of our background knowledgebaseinto account. So we
will, unlessexplicitly mentioned otherwise, considersubsumption with respect to this
TBox.

If a conceptC subsumesa conceptD (D v T C), then C will cover all examples,which
are covered by D. This makessubsumption a suitable order for searching in concepts.
In this section we will analysere�nement operators for ALC conceptswith respect to
subsumption,which we will call ALC re�nement operators in the sequel.

De�nition 4.2 (ALC re�nemen t operator)
A re�nement operator in the quasi-orderedspace(ALC; v T ) is calledan ALC re�nement
operator. �

We needto introducesomenotions for re�nement operators.

De�nition 4.3 (re�nemen t chain)
A re�nement chain of an ALC re�nement operator � of length n from a conceptC to
a concept D is a �nite sequenceC0; C1; : : : ; Cn of concepts,such that C = C0; C1 2
� (C0); C2 2 � (C1); : : : ; Cn 2 � (Cn� 1); D = Cn . This re�nement chain goes through E i�
there is an i (1 � i � n) such that E = Ci . We say that D can be reached from C by
� if there exists a re�nement chain from C to D. � � (C) denotesthe set of all concepts,
which can be reached from C by � . � m (C) denotesthe set of all concepts,which can be
reached from C by a re�nement chain of � of length m. �

De�nition 4.4 (do wnward and upward cover)
A conceptC is a downward cover of a conceptD i� C @T D and there doesnot exist
a conceptE with C @T E @T D. A conceptC is an upward cover of a conceptD i�
D @T C and there doesnot exist a conceptE with D @T E @T C. �
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If we look at re�nements of an operator � we will often write C  � D instead of
D 2 � (C). If the usedoperator is clear from the context it is usually omitted, i.e. we
write C  D.

We will introducethe conceptof weak equality of concepts,which is similar to equal-
it y of concepts,but takes into account that the order of elements in conjunctions and
disjunctions is not important. By equality of two conceptswe mean that the concepts
are syntactically equal. Equivalenceof two conceptsmean that the conceptshave the
samemeaning (seeDe�nition 2.16 on page 12). Weak equality of conceptsis coarser
than equality and �ner than equivalence(viewing the equivalence,equality, and weak
equality of conceptsasequivalenceclasses).

De�nition 4.5 (w eak syntactic equalit y)
We say that the conceptsC and D are weakly (syntactically) equal, denotedby C ' D
i� oneof the following conditions hold:

� C = > and D = >

� C = ? and D = ?

� C = A and D = A (A 2 NC )

� C = : C0 and D = : D 0 and C0 ' D 0

� C = 9r:C0 and D = 9r:D 0 and C0 ' D 0

� C = 8r:C0 and D = 8r:D 0 and C0 ' D 0

� C = C1 u � � � u Cn and D = D1 u � � � u Dn and there is a permutation  : N 7! N
with N = f 1; : : : ; ng such that for all i 2 N we have Ci ' D  (i )

� C = C1 t � � � t Cn and D = D1 t � � � t Dn and there is a permutation  : N 7! N
with N = f 1; : : : ; ng such that for all i 2 N we have Ci ' D  (i )

Two setsS1 and S2 of conceptsare weakly equal if for any C1 2 S1 there is a C0
1 2 S2

such that C1 ' C0
1 and vice versa. �

Re�nement operatorscanhave certain properties,which canbe usedto evaluate their
usefulnessfor learning hypothesis.

De�nition 4.6 (prop erties of ALC re�nemen t operators)
An ALC re�nement operator � is called

� (locally) �nite i� � (C) is �nite for any conceptC.
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4 Re�nement Operators for ALC Concepts

� (syntactically) redundant i� there existsa re�nement chain from a conceptC to a
conceptD, which doesnot go through a conceptE and a re�nement chain from
C to a conceptweakly equal to D, which doesgo through E.1

� proper i� for any conceptsC and D, D 2 � (C) implies C 6�T D.

� ideal i� it is �nite, complete,and proper.

An ALC downward re�nement operator � is called

� complete i� for any conceptsC and D with C @T D we can reach a conceptE
with E � T C from D by � .

� weakly completei� for any conceptC with C @T > we canreach a conceptE with
E � T C from > by � .

� minimal i� for any C, � (C) contains only downward covers and all its elements
are incomparablewith respect to v T .

An ALC upward re�nement operator � is called

� complete i� for any conceptsC and D with D @T C we can reach a conceptE
with E � T C from D by � .

� weakly completei� for any conceptC with ? @T C we canreach a conceptE with
E � T C from ? by � .

� minimal i� for any C, � (C) contains only upward covers and all its elements are
incomparablewith respect to v T .

All statements must hold for all TBoxes, i.e. an ALC re�nement operator has one of
the mentioned properties only if the prerequisiteis satis�ed for all TBoxes. �

For technical reasonswe will also assumethat for a complete downward (upward)
operator we always have ? 2 � � (C) for any C 6� ? (> 2 � � (C) for any C 6� > ).
Analogouslyfor a weakly completedownward (upward) re�nement operator we assume
? 2 � � (> ) (> 2 � � (? )). This doesnot follow from the de�nition, e.g. for a weakly com-
plete downard re�nement operator if ? u ? 2 � � (> ) then we do not require ? 2 � � (> ).
It will becomeclear why we make theseassumptionswhen we analysethe combination
of completenessand non-redundancy.

1Another way to de�ne redundancy is to consider equivalence(� T ) instead of weak equality. This
is a stronger condition, but in description logics like ALC, for which no structural subsumption
algorithms exist (see Chapter 2 in Baader et al., 2003), such a semantic non-redundancy is very
hard to achieve. Structural subsumption algorithms decide subsumption between two conceptsby
comparing their syntatictic structure. Sincere�nement operators usually provide syntactic rewriting
rules, the non-existanceof such an algorithm is problematic if we want to achieve semantic non-
redundancy.
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4.2 Analysing the Prop erties of ALC Re�nement Operato rs

In this sectionwe will analysethe propertiesof ALC re�nement operators. The needfor
such an analysiswasexpressedin (Esposito et al., 2004,section5). In particular we are
interestedin seeingwhich desiredproperties can be combined in a re�nement operator
and which properties are impossibleto combine. This is interesting for two reasons:
The �rst one is that this givesus a good impressionof how hard (or easy)it is to learn
ALC concepts. The secondreasonis that this can also serve as a practical guide for
designingALC re�nement operators. Knowing the theoretical limits allows the designer
of an ALC re�nement operator to focuson achieving the best possibleproperties.

ALC re�nement operators have beendesignedin (Esposito et al., 2004;Iannoneand
Palmisano,2005). However, a full theoretical analysisfor ALC hasnot beendoneto the
bestof our knowledge.Thereforeall propositionsin this sectionarenewunlessexplicitly
mentioned otherwise. Someproperties for ALE R re�nement operators were shown in
(Badea and Nienhuys-Cheng,2000). ALE R is not closedunder booleanoperations, so
ALC is usually more di�cult to handle in this context.

As a �rst property we will brie�y analyseminimalit y of ALC re�nement operators, in
particular the existenceof upward and downward covers in ALC. It is not immediately
obviousthat e.g. downward coversexist in ALC, becauseit couldbethe casethat for any
conceptC and D with C @D onecan always construct a conceptE with C @E @D.
However, the next proposition shows that downward covers do exist.

Prop osition 4.7 (existence of covers in ALC )
Downward (upward) coversexist in ALC.

Pr oof Let NR = f rg and NC = f Ag. We look at subsumption with respect to an
empty TBox. We want to show that C = 9r:> t A is a downward cover of > . We have
to show that there is no conceptD with C @D @> . We will prove that such a concept
cannot exist from a semantical point of view. By contradiction, we assumethat we have
found such a conceptD.

Since C is strictly subsumedby D, there is an interpretation I 1 and an object a1

such that aI 1
1 62CI and aI 1

1 2 D I 1 . a1 cannot have an r -�ller, becausethen we would
immediately get aI 1

1 2 CI (due to the 9r:> in C). Similarly we get that aI 1
1 62A I 1 .

SinceD is strictly subsumedby > , there is an interpretation I 2 and an object a2 such
that aI 2

2 62D I 2 . Becauseof C @ D, we know aI 2
2 62CI 2 . By the samearguments as

above we can deducethat a2 doesnot have an r -�ller in I 2 and aI 2
2 62A I 2 .

In both interpretations I j (j 2 f 1; 2g), the associated objects aj do not have an r -�ller
and do not belong to A. Additionally there are no other conceptnamesand roles, so
both interpretations have to interpret concepts- in particular D - in the sameway with
respect to the associated objects, i.e. we either have (aI 1

1 2 D I 1 and aI 2
2 2 D I 2 ) or we

have (aI 1
1 62D I 1 and aI 2

2 62D I 2 ). (The reasonis that to determine, whether aI 2 E I

holds for an arbitrary ALC concept E and an interpretation I , such that a does not
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4 Re�nement Operators for ALC Concepts

have a role �ller in I and doesnot belong to any atomic concept, it is not important
how objects di�erent from a are interpreted by I .) This is a contradiction, becausewe
assumedaI 1

1 2 D I 1 and aI 2
2 62D I 2 .

Upward covers can be handled analogously, i.e. 8r:? u A is an upward cover of ? . �

The idea in the proof Proposition 4.7 can be extendedto situations with more than
onerole and conceptname. In this casewe obtain the following conceptasa downward
cover of > (we do not prove this explicitly, becausewe do not usethis result later on):

G

r 2 N R

9r:> t
G

A2 N C

A

The observations show that non-trivial minimal operators, i.e. operators which do
not map every concept to the empty set, can be constructed. However, minimalit y of
re�nement stepsis not a directly desiredgoal in general.Minimal operatorsare in some
languagesmore likely to lead to over�tting, becausethey may not produce su�cien t
generalisationleaps. This is true in a languagelike ALC, which is closedunder boolean
operations.

In the sequelwe will analysedesiredproperties of ALC re�nement operators: com-
pleteness,properness,�niteness, and non-redundancy. We will show several positive and
negative results, which together yield a full analysisof theseproperties.

Prop osition 4.8 (complete and �nite ALC re�nemen t operators)
There existsa completeand �nite ALC re�nement operator.

Pr oof Considerthe downward re�nement operator � de�ned by:

� (C) = f C u >g [ f D j jD j � (number of > occurencesin C) and D @T Cg

The operator can do oneof two things:

� add a > symbol

� generatethe set of all conceptsup to a certain length, which are subsumedby C

The operator is �nite, becausethe set of all conceptsup to a given length is �nite
(and the singletonset f C u >g is �nite).

The operator is complete,becausegivena conceptC wecanreach an arbitrary concept
D with D @T C. This is obvious, becausewe only needto add > -symbols until there
are jD j occurencesof > . Within the next step we can then be sure to reach D.

For upward re�nement operators we can usean analogousoperator ' , which is also
completeand �nite:

' (C) = f C u >g [ f D j jD j � (number of > occurencesin C) and C @T Dg �
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Remark 4.9 (complete and �nite re�nemen t operators)
In (Badeaand Nienhuys-Cheng,2000)it was stated that there can be no completeand
�nite ALE R re�nement operator. However, this is not correct, becauseby using the
sametechniqueasin the proof of Proposition 4.8onecanconstruct a �nite and complete
ALE R re�nement operator. �

Of course,it is obvious that the operator usedto prove Proposition 4.8 is not useful
in practice, since it merely generatesconceptswithout paying attention to e�ciency .
However, in this sectionwe are interested in theoretical limits of re�nement operators,
so it is a valid method to de�ne impractical operators. It is indeeddi�cult to designa
good completeand �nite re�nement operator. The reasonis that �niteness can only be
achieved by using non-proper re�nement steps(in the operator this wasdoneby adding
> symbols). In Section5 we will de�ne a completeand �nite operator in the context of
the Genetic Programming framework. We will now show that it is impossibleto de�ne
a complete, �nite, and proper re�nement operator. Such operators are known as ideal
and their non-existanceindiciates that learning ALC conceptsis not easy.

Prop osition 4.10 (ideal ALC re�nemen t operators)
There existsno ideal ALC re�nement operator.

Pr oof By contradiction, we assumethat there exists an ideal downward re�nement
operator � . We further assumean empty TBox, NC = ; , and NR = f rg. Let � (> ) =
f C1; : : : ; Cng be a set of re�nements of the > concept. (This set has to be �nite.) Let
m be a natural number larger than the maximum of the quantor depths(depth of the
nestingof quanti�cations) of the conceptsin � (> ). We construct a conceptD asfollows:

D = 8r: : : : :8r| {z }
m� times

:? t 9r: : : : :9r| {z }
(m+1) � times

:>

What is the meaningof D? As we can see,the semantics of 8r:? is that an object
must not have an r -�ller and the semantics of 9r:> is that an object must have an
r -�ller. We say that an object a 2 N I has an r -successorat distance n in I if there is
a set of objects f a0; : : : ; ang � N I with a = a0; (aI

0 ; aI
1 ) 2 r I ; : : : ; (aI

n� 1; aI
n ) 2 r I . The

meaningof D is that an object does not have an r -successorat distancem in I or it
has an r -successorat distance m + 1 in I . Formally for an arbitrary object a and an
interpretation I we have aI 2 D I i� a doesnot have an r -successorat distancem in I
or a hasan r -successorat distancem + 1 in I .

D is not equivalent to > . For the interpretation I with r I = f r (a;b) j a = ai ; b =
ai +1 ; 0 � i < mg, illustrated by

a0
r�! a1

r�! : : : r�! am

we have aI
0 62D I .
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4 Re�nement Operators for ALC Concepts

As a prerequisite for proving the proposition, we want to show that there exists no
conceptwith a quanti�er depth smaller than m, which strictly subsumesD and is not
equivalent to > . By contradiction, we assumesuch a concept E with D @ E @ >
exists. Sincewe have E 6� > , there existsan interpretation I and an object a such that
aI 62E I . By D @E, this also implies aI 62D I . We do a casedistinction on a and I :

1. a does not have an r -successorat distance m in I : By the semantics of D, as
discussedabove, this meansaI 2 D I , which contradicts aI 62D I .

2. a hasan r -successorat distancem in I :

We can view the interpretation I as a directed graph in a straightforward way.
The set of nodesis f bI j b2 N I g and the edgesare de�ned by f (b;c) j (b;c) 2 r I g.
This graph doesnot contain a cycle,which is reachable from aI , becausethen we
would have aI 2 D I due to the 9r: : : : :9r:> part of D (if we have a reachable
cycle, there always exists a successor).Hence,aI spansan acyclic graph, i.e. a
tree, of successorsin I .

Becauseof aI 62D I , we know that there is a path of length m starting from aI in
this tree (due to the 8r: : : : :8r:? part of D). This meanswe have pairwisedi�erent
objects a0; : : : ; am such that a = a0 and (aI

0 ; aI
1 ) 2 r I ; : : : ; (aI

m� 1; aI
m ) 2 r I .

Wecreatea newinterpretation I 0 from I by addinga newobject am+1 andchanging
r I to r I 0

= r I [ f (aI
m ; aI

m+1 )g. SinceE has a quanti�er depth smaller than m,
we know that am+1 is out of the scope of these quanti�ers, so we can deduce
aI 0

62E I 0
from aI 62E I . However, a hasa successorat distancem in I 0, soby the

semantics of D we have aI 0
2 D I 0

. This implies aI 0
2 E I 0

due to D @E, which is
contradiction to aI 0

62E I 0
.

Hencewe have shown that there doesnot exist a moregeneralconceptthan D, which
is not equalto > , with a quanti�er depth smallerthan m. This meansthat C1; : : : ; Cn do
not subsumeD (note that the propernessof � implies that C1; : : : ; Cn are not equivalent
to > ), soD cannot be reached by further re�nements from any of theseconcepts.Since
C1; : : : ; Cn are the only re�nements of > , it is impossibleto reach D from > . Thus � is
not complete. �

Prop osition 4.11 (complete and prop er ALC re�nemen t operators)
There existsa completeand proper ALC re�nement operator.

Pr oof The proof is trivial, becausewe can just use� (C) = f D j D @Cg asdownward
re�nement operator, which is obviously completeand proper. For upward re�nement we
can analogouslyconsider� (C) = f D j C @Dg. �
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We have shown that the combination of completenessand propernessis possible.
Propositions 4.8, 4.10,and 4.11state that for completere�nement operators, which are
usually desirable, one has to sacri�ce propernessor �niteness. We will now look at
non-redundancy.

Prop osition 4.12 (comp elete, non-redundan t ALC re�nemen t operators)
There existsno completeand non-redundant ALC re�nement operator.

Pr oof Again, we look at subsumption with respect to an empty TBox. Let A1 and
A2 (A1; A2 6� > and A1; A2 6� ? ) be two atomic conceptsand � a completedownward
re�nement operator. By completenessof � , we know there exists a concept C1 with
C1 � A1 and C1 2 � � (> ). Analogously there exists a concept C2 with C2 � A2 and
C2 2 � � (> ). As a requirement on completeoperators we stated beforeon page24, that
for a completedownward re�nement operator ? 2 � � (C) for any C 6� ? must hold. In
particular we have ? 2 � � (C1) and ? 2 � � (C2). Becauseof C1 6vC2 and C2 6vC1 we
know C1 62� � (C2) and C2 62� � (C1).

Hencethere existsa re�nement chain from > to ? through C1 and a re�nement chain
from > to ? , which goesthrough C2 and not through C1. Thus � is redundant.

Note that without the assumption? 2 � � (C) for C 6� ? , the result does not nec-
essarily hold. However, it would require that for incomparableconceptsD 1, D2, and
a conceptD3 with D3 @D1 and D3 @D2 we would have to reach di�erent syntactic
representations of D3 (i.e. concepts,which are equivalent to D3 but not weakly equal
to D3). This meansthat the only way to avoid redundancy is to encode the (usually
in�nitely many) possiblepaths to a conceptin syntactic constructs,e.g. from A1 we can
reach ? u ? , but from A2 we reach ? u ? u ? and not ? u ? etc. This is clearly not
desirableand the resulting operator would not be meaningful. For this reasonwe have
chosento make the additional assumption? 2 � (C) for any C 6� ? in ALC downward
re�nement operators.

Again, the proof for upward re�nement operators is analogous. �

As a consequence,completenessand non-redundancycannot be combined. Usually it
is desirableto have (weakly) completeoperators, but in order to have a full analysisof
ALC re�nement operators we will now also investigateincompleteoperators.

Prop osition 4.13 (incomplete ALC re�nemen t operators)
There existsa �nite, proper, and non-redundant ALC re�nement operator.

Pr oof The following operator has the desiredproperties:

� (C) =
�

f?g if C 6� ?
; otherwise
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4 Re�nement Operators for ALC Concepts

It is obviously �nite, becauseit mapsconceptsto setsof cardinality at most 1. It is non-
redundant, becauseit only reaches the bottom conceptand there exists no re�nement
chain of length greaterthan 2. It is proper, becauseall concepts,which arenot equivalent
to the bottom conceptstrictly subsumethe bottom concept.

The corresponding upward operator is:

' (C) =
�

f>g if C 6� >
; otherwise

The arguments for its �niteness, properness,and non-redundancyare analogousto the
downward case. �

We can now summarisethe results we have obtained so far.

Theorem 4.14 (prop erties of ALC re�nemen t operators (I))
Consideringthe properties completeness,properness,�niteness, and non-redundancy
the following are maximal setsof properties (in the sensethat no other of the men-
tioned properties can be added) of ALC re�nement operators:

1. f complete; �nite g

2. f complete; properg

3. f non-redundant; �nite ; properg

Pr oof The theoremis a consequenceof the previousresults. We have seenthat down-
ward and upward operators allow the samecombinations of properties, so it is not nec-
essaryto distinguish betweenthem. To be sure to cover all combinations of properties
we make a casedistinction.

1. The operator is complete. In this casewecannotadd non-redundancy(Proposition
4.12). Finiteness(Proposition 4.8)andproperness(Proposition 4.11)canbeadded,
but not both (Proposition 4.10).

2. The operator is not complete. In this casewe can add all other properties (Propo-
sition 4.13). �

A property we have not yet consideredis weak completeness. Usually weak com-
pletenessis su�cien t, becauseit allows to search for a good concept starting from >
downwards (top-down approach) or from ? upwards (bottom-up approach).

Wewill seethat weget di�erent resultswhenconsideringweakcompletenessinsteadof
completeness.As a �rst observation weseethat the arguments in the proof of Proposition
4.12,which have shown that an ALC re�nement operator cannot be completeand non-
redundant, do no longer apply if we considerweak completenessand non-redundancy.
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The reasonis that there is no longer a guarantee that ? can be reached from both, A1

and A2. Indeedit turns out that thereareweakly completeand non-redundant operators
and this set of properties is not even maximal.

Prop osition 4.15 (w eakly complete, non-redundan t, and prop er operators)
There existsa weakly complete,non-redundant,and proper ALC re�nement operator.

Pr oof The following operator is weakly complete,non-redundant, and proper:
Let S be a maximal subsetof f C j C 6�T >g with C1; C2 2 S =) C1 6' C2.

� (C) =

(
S if C = >

; otherwise

Such a set S as used in the de�nition of the operator indeed exists. It contains one
representativ e of each equivalenceclasswith respect to weak equality of the set f C j
C 6� >g . The operator is proper, since it contains only mappings of the top concept
to concepts,which are not equivalent to top. It is non-redundant, becausethere is no
re�nement chain of length greater than 1 and all conceptswe reach are pairwise not
weakly equal. It is weakly complete,becausefor every concept,which is not equivalent
to > , we can reach an equivalent conceptfrom > by � .

The corresponding upward re�nement operator is: Let S be a maximal subset of
f C j C 6�T ?g with C1; C2 2 S =) C1 6' C2.

� (C) =

(
S if C = ?

; otherwise
�

Prop osition 4.16 (w eakly complete, non-redundan t, and �nite operators)
There existsa weakly complete,non-redundant, and �nite ALC re�nement operator.

Pr oof The following operator is weakly complete, non-redundant, and �nite: For
an arbitrary concept C, let SC be a maximal subset of f D j D @T > and jD j =
number of > occurencesin Cg with C1; C2 2 SC =) C1 6' C2.

� (C) =

8
<

:

f> u � � � u >| {z }
n+1 times >

g [ SC if C = > u � � � u >| {z }
n times >

; otherwise

The operator is �nite, becauseSC is �nite for any conceptC (the number of concepts
with a �xed length is �nite). It is weakly complete,becauseevery conceptC with C @>
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4 Re�nement Operators for ALC Concepts

can be reached from > . This is doneby accumulating > symbols until we have jCj such
symbols and then generateC.

We will show the non-redundany of the operator by a simple casedistinction. By
contradiction, we assumethat � is redundant, i.e. there exist conceptsC, D, and E
with C 6= D, such that there is a re�nement chain from C to D through E and a
di�erent re�nement chain from C to D, which doesnot go through E.

1. C 6� > : In this casea re�nement chain to D cannot exist. (D v T C so D 6�T > ,
but there is only oneelement not equivalent to > in each re�nement chain.)

2. C � > and D � > : In this casethere is exactly one re�nement chain from C to
D of the form:

> u � � � u >| {z }
= C

 � : : :  � > u � � � u >| {z }
= D

This contradicts the redundancyof � in this case,becausefor � to be redundant
at least two di�erent re�nement chains from C to D must exist.

3. C � > and D 6� > : Again, there is exactly onere�nement chain:

> u � � � u >| {z }
= C

 � : : :  � > u � � � u >| {z }
jD j times

! D

Note that we ensuredthat there cannot be a weakly equal conceptof D in other
re�nement chains by de�nition of SC .

The corresponding upward operator is analogous.It works by accumulating ? symbols
instead of > symbols and generatesconcepts,which are strictly more generalthan ? .�

Corollary 4.17 (w eakly complete, prop er, and �nite operators)
There existsa weakly complete,�nite, and proper ALC re�nement operator.

Pr oof To show this we can use the proof of Proposition 4.10. There we have shown
that in a �nite and proper ALC re�nement operator there existsa concept,which cannot
be reached from the > concept. This meansthat such an operator cannot be weakly
complete. �

The result of the previousobservations is that, whenrequiring only weakcompleteness
instead of completeness,non-redundant operators are possible. The following theorem
is the result of the full analysisof the desiredproperties of ALC re�nement operators.
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Theorem 4.18 (prop erties of ALC re�nemen t operators (I I))
Considering the properties completeness,weak completeness,properness,�niteness,
and non-redundancythe following are maximal setsof properties (in the sensethat
no other of the mentioned properties can be added) of ALC re�nement operators:

1. f weakly complete; complete; �nite g

2. f weakly complete; complete; properg

3. f weakly complete; non-redundant; �nite g

4. f weakly complete; non-redundant; properg

5. f non-redundant; �nite ; properg

Pr oof We can do a similar casedistinction like in Theorem4.14. The �rst case(com-
plete operator) is analogousexcept that obviously a completeoperator is also weakly
complete. For the secondcase(operator is not complete) we can make a simple case
distinction again:

1. The operator is weakly complete. Propositions 4.15 and 4.16 have shown that
weakly complete operators can be non-redundant and proper as well as non-
redundant and �nite. Proposition 4.17showsthat �niteness and propernesscannot
be combined, so thesesetsof properties are maximal.

2. The operator is not weakly complete. In this casewe can add all remaining prop-
erties (Proposition 4.13), i.e. non-redundany, �niteness, and properness. �

Theorem4.18summarizesthe analysisof ALC re�nement operatorsand is an impor-
tant theoretical result of this thesis. As the readerhas probably noticed the operators
usedaspositiveexamplesarevery odd. It still remainsto de�ne a usefulALC re�nement
operator, which we will do in the next section.

4.3 A Re�nement Operato r for ALC Concepts

In the sequelwe will analysethe re�nement operator � # given by:

� #(C) =

(
f?g [ � 0

#(C) if C = ?

� 0
#(C) otherwise
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4 Re�nement Operators for ALC Concepts

� 0
#(C) =

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

f C1 u � � � u Ci � 1 u D u Ci +1 u � � � u Cn if C = C1 u � � � u Cn (n � 2)

j D 2 � 0
#(Ci ); 1 � i � ng

f C1 t � � � t Ci � 1 t D t Ci +1 t � � � t Cn if C = C1 t � � � t Cn (n � 2)

j D 2 � 0
#(Ci ); 1 � i � ng

[ f C u D j D 2 � 0
#(> )g

f A0 j A0 @T A; A0 2 NC ; if C = A (A 2 NC )

there is no A002 NC with A0 @T A00@T Ag

[ f C u D j D 2 � 0
#(> )g

f: A0 j A @T A0; A0 2 NC ; if C = : A (A 2 NC )

there is no A002 NC with A @T A00@T A0g

[ f C u D j D 2 � 0
#(> )g

f9 r:E j E 2 � 0
#(D)g [ f C u D j D 2 � 0

#(> )g if C = 9r:D

f8 r:E j E 2 � 0
#(D)g [ f C u D j D 2 � 0

#(> )g if C = 8r:D

[ f8 r:? j D = A 2 NC

and there is no A0 2 NC with ? @A0 @Ag

; if C = ?

f D j D 2 M g if C = >

[ f D t E j D 2 M ; E 2 � 0
#(> )g

The set M usedin the de�nition of � 0
# is de�ned as:

M = f A j A 2 NC ; there is no A0 2 NC with A @T A0 @T >g

[ f: A j A 2 NC ; there is no A0 2 NC with ? @T A0 @T Ag

[ f9 r:> j r 2 NRg

[ f8 r:C j r 2 NR ; C 2 � 0
#(> )g

Prop osition 4.19 (do wnward re�nemen t of � #)
� # is an ALC downward re�nement operator.

Pr oof We have to show that D 2 � #(C) implies D v T C. We do this by structural
induction of ALC conceptsin negation normal form. Obviously in all caseswhereD =
C u C0, i.e. C is extendedconjunctively by a conceptC0 we have D v C, so thesecases
can be ignored.

� C = ? : D 2 � #(C) is impossible,because� #(? ) = ; .

� C = > : D v T C is trivially true.
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� C = A (A 2 NC ): D 2 � #(C) implies that D is also an atomic concept and
D @T C.

� C = : A: D 2 � #(C) implies that D is of the form : A0 with A @T A0. A @T A0

implies : A0 @T : A by the semantics of negation.

� C = 9r:C0: D 2 � #(C) implies that D is of the form 9r:D 0. We have D 0 v T C0 by
induction. For existential restrictions 9r:E v T 9r:E0 if E @T E 0 holds in general
(Badeaand Nienhuys-Cheng,2000). Thus we alsohave 9r:D 0 v T 9r:C0.

� C = 8r:C0: This caseis analogousto the previous one. For universal restrictions
8r:E v T 8r:E0 if E @T E 0 holds in general(Badeaand Nienhuys-Cheng,2000).

� C = C1u � � �u Cn : In this caseoneelement of the conjunction is re�ned, soD v T C
follows by induction.

� C = C1 t � � � t Cn : In this caseoneelement of the disjunction is re�ned, soD v T C
follows by induction. �

Wehaveshown that � # is an ALC downward re�nement operator. The most important
property for an ALC re�nement operator to be useful is weak completeness,which we
will investigatenext, but �rst we want to discussother characteristicsof � #.

� # is in�nite. There are two sourcesof in�nit y: First of all a re�nement of the top
concept can have an in�nite number of universal quanti�cations. The reason is the
equality 8r:> � > . This re�nement (i.e. >  8r:> ) is not useful, so in re�nements of
the form >  8r:C we requireC to be a re�nement of the top concept,which can again
contain a universal quanti�cation etc. The secondsourceof in�nit y is that we allow
to create a disjunction with an arbitrary number of elements as a re�nement of the
top concept. In fact re�ning the top concept is the only way to introducedisjunctions,
whereasin all other caseswe allow to add conceptsconjunctively.

One of the nice properties of � # comparedto other re�nement operators for learning
conceptsin Description Logics(Badeaand Nienhuys-Cheng,2000;Esposito et al., 2004)
is that it makes use of the subsumption hierarchy of conceptsin the knowledgebase.
Other operatorsusually selectan atomic concept,but do not allow to re�ne it. Allowing
the traversal of the subsumption hierarchy by a re�nement operator doesnot directly
a�ect its theoretical properties, but is useful sinceit makesuseof knowledgecontained
in the TBox.

When observing� # we seethat there are four possiblesyntactic changes,which it can

perform. Thesechangesare the replacement of a top symbol, denotedby
>
 , adding a

concept conjunctively, denoted by u , replacing an atomic concept by a more general
one,denotedby

A
 , and replacinga negatedatomic conceptby a negatedmore special

atomic concept,denotedby : A .
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4 Re�nement Operators for ALC Concepts

4.4 Weak Completeness of the Operato r

In the sequelwe will show the weak completenessof � #. We will do this stepwise. First
wede�ne a setS# of ALC concepts.For theseconceptsweshow that every ALC concept,
which is not equivalent to > , is equivalent to an element of S#. Then we show that all
conceptsin S# can be reached from > by � #.

De�nition 4.20 (S# )
The set S0

# is de�ned as follows:

1. If A 2 NC then A 2 S0
# and : A 2 S0

#.

2. If r 2 NR then 8r:? 2 S0
#, 9r:> 2 S0

#.

3. If C; C1; : : : ; Cm are in S0
# then the following conceptsare alsoelements of S0

#:

� 9r:C

� 8r:C

� C1 u � � � u Cm

� C1 t � � � t Cm if for all i (1 � i � m) Ci is not of the form D1 u � � � u Dn where
all D j (1 � j � n) are of the form E1 t � � � t Ep

The set S# is de�ned asS# = S0
# [ f?g . �

The set S# is obviously a set of conceptsin negation normal form. However, we do
not usethe > and ? symbols directly and we give a restriction on disjunctions, i.e. we
do not allow that elements of a disjunction are conjunctions,which in turn only consist
of disjunctions.

For technical reasonswewill always assumethat disjunctionsarenot nestedin disjunc-
tions and conjunctionsarenot nestedin conjunctions,e.g. wedo not write (C1u C2)u C3,
but C1 u C2 u C3.

Lemma 4.21 (S#)
For any ALC concept C there existsa concept D 2 S# suchthat D � C.

Pr oof We �rst transform C to negation normal form (seeSection 2.3). The proof
consistsof three steps: First we will eliminate > symbols unlessthey occur in existential
restrictions (becausein De�nition 4.20 9r:> is used in the induction baseopposedto
using > directly as in De�nition 2.25). After that we do something similar with the
bottom symbol. In a third step we will eliminate disjunctions violating the criterion in
De�nition 4.20. After thesethree stepswe obviously obtain a concept,which is in S#.

36



We eliminate > -symbols by applying the following rewrite rules:

C1 u � � � u Ci � 1 u > u Ci +1 u � � � u Cn ! C1 u � � � u Ci � 1 u Ci +1 u � � � u Cn

C1 t � � � t Ci � 1 t > t Ci +1 t � � � t Cn ! >

8r:> ! >

Obviously these> -elimination stepspreserve equivalence.We exhaustively apply these
steps(sinceevery step reducesthe length of the conceptthere can be only �nitely many
such steps) to get a conceptC0. Note that C0 6= > (otherwise C0 � C � > ) and in C0

the top conceptonly appearsin existential restrictions, i.e. in the form 9r:> .
? symbols are eliminated by the following rewrite rules:

C1 u � � � u Ci � 1 u ? u Ci +1 u � � � u Cn ! ?

C1 t � � � t Ci � 1 t ? t Ci +1 t � � � t Cn ! C1 t � � � t Ci � 1 t Ci +1 t � � � t Cn

9r:? ! ?

Thesestepsalsopreserve equivalence.After exhaustively applying thesestepswe either
get the ? symbol itself (which is in S#) or the ? symbol only appears in universal
restrictions, i.e. in the form 8r:? .

Next we have to eliminate disjunctions, which do not satisfy De�nition 4.20. Say
we have such a disjunction C1 t � � � t Cm . Then there is a Ci (1 � i � m), which
is a conjunction consistingonly of disjunctions. Without lossof generality we assume
i = 1 (the order of elements in a disjunction is not important), i.e. we can write
C1 = D1 u � � � u Dn and D1 = E1 t � � � t Ep. This meanswe can apply the following
equivelancepreservingrewriting rule:

((E1 t � � � t Ep) u D2 u � � � u Dn ) t C2 t � � � t Cm !

(E1 u D2 u � � � u Dn ) t � � � t (Ep u D2 u � � � u Dn ) t C2 � � � t Cm

Note that E i (1 � i � p) cannot be a disjunction. Let C0
1 be the replacement of C1 after

applying the rewriting rule. Obviously C0
1 is no morea disjunction wherean element is a

conjunction of disjunctions (becauseany E i is not a disjunction). If we apply this rule to
all applicableCi (1 � i � m), then we obtain a conceptC00equivalent to C1 t � � � t Cm ,
which is in S#.

Hencewe have shown that we can construct a conceptC00� C0 � C with C002 S#,
which completesthe proof. �

Prop osition 4.22 (w eak completeness of � #)
� # is weakly complete.
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4 Re�nement Operators for ALC Concepts

Pr oof We have to show that for any conceptC with C @T > a conceptE with E � C
canbereachedfrom > by � #. Due to Lemma4.21it is su�cien t to show that all concepts
in S# can be reached from > by � #.

We claim that � �
#(> ) = S# and prove this by induction over the structure of concepts

in S# (seeDe�nition 4.20). The bottom concept itself can be reached by a one-step
re�nement of the > symbol, so we just have to analyzethe elements in S0

#.

� Induction Base: An atomic concept A can be reached from > by a re�nement
chain of the following form:

>
>
 A1

A
 : : :

A
 An

A
 A

The operator descendsthe subsumptionhierarchy and reachesA in a �nite number
of steps(there are only �nitely many atomic concepts).Negatedatomic concepts
can be handled analogously.

8r:? can alsobe reached by descendingthe subsumptionhierarchy:

> > 8r:A1
A : : : A 8r:An

A 8r:?

9r:> can be reached by a onestep re�nement from > .

� Induction Step:

� 9r:C: We have >
>
 9r:> and by induction we can reach C from > by � #.

� 8r:C: We have 8r:C 2 � �
#(> ) if C 2 � �

#(> ), which is true by induction.

� C1 t � � � t Cm : We will look at the elements of the disjunction separately.
We have to show that for any i we have Ci 2 � � (m) for an m 2 M (where
M is de�ned as in the de�nition of � #). Without lossof generality we show
this for C1, i.e. i = 1. We do a casedistinction basedon the structure of C1

(obviously C1 is not a disjunction).

� C1 is an atomic conceptA: In this casewe pick a most generalatomic
conceptA1 2 S and re�ne it:

A1
A
 : : :

A
 An

A
 A

� C1 is a negated atomic concept : A: We pick a most special atomic
conceptA1 2 S and re�ne it:

A1
: A : : : : A An

: A A

� C1 = 8r:? : We re�ne to 8r:A1, whereA1 is itself a re�nement of the top
concept. Then we can re�ne to 8r:? :

8r:A1
A : : : A 8r:An

A 8r:?
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� C1 = 9r:> : 9r:> is in M .
� C1 = 8r:D: By induction, D 2 � �

#(> ), so there is a concept8r:E1 2 S,
which we can re�ne to 8r:D:

8r:E1  : : :  8r:En  8r:D

� C1 = 9r:D: We choose9r:> 2 M and by induction D 2 � �
#(> ).

� C1 = D1 u � � � u Dn : By De�nition of S# (De�nition 4.20), we know that
there existsa j , such that D j is not a disjunction (and obviously alsonot
a conjunction). So there is oneD j of the form 9r:> , ? , A, : A, 9r:C or
8r:C. Thesecan be producedexactly as we have shown in the previous
cases.For any of theseconstructs � # allows to extend theseconstructs
to a conjunction with elements in � #(> ). By induction, we know for all i
(1 � i � n) that D i 2 � �

#(> ). Sowe can producea conceptweakly equal
to C1 by �rst creating D j and then extending this to a conjunction by
generatingall D 0

i s (1 � i � n; i 6= j ).

� C1 u � � � u Cm : By induction, we know C1 2 � � (> ), so we �rst createC1 and
then add all other elements to the conjunction:

> > D1 : : :  C1
u C1 u D2  : : :  C1 u C2  : : :  C1 u � � � u Cm �

It turns out that � # is even complete:

Prop osition 4.23 (completeness of � #)
� # is complete.

Pr oof Let C and D be arbitrary ALC conceptsin S# with C @D. To prove complete-
nessof � # we have to show that there exists a conceptE with E � C and E 2 � �

#(D).
E = D u C satis�es this property. We obviously have E = D u C � C, becauseof
C @D. We know that � # allows to extend conceptsconjunctively by re�nements of the
top concept. Hencewe know that D u C can be reached from D for any conceptC by
the weak completenessresult for � #. Thus � # is complete. �

The completenessof � # is a by-product and not a designdecision,i.e. we automat-
ically can derive completenessfrom weak completenessif we allow to extend concepts
conjunctively (which is usually a good idea). For instance we cannot reach A1 from
A1 t A2 (becausewe cannot drop elements of disjunctions), but instead we can only
reach (A1 t A2) u A1. So � # is complete, but it is not always possible to reach the
shortest concepts.(This is intentional sincewe will later seethat we needthe property
that applications of � # cannot produceshorter concepts.)The important property with
respect to the top-down learning algorithm we will designlater is weak completeness.
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4 Re�nement Operators for ALC Concepts

4.5 Achieving Prop erness

The operator � # is not proper, for instanceit allows the re�nement (A1 is a most general
atomic concept):

> > 9r:> t 8r:A1 (� > ) (1)

There is no structural subsumptionalgorithm for ALC, which indicatesthat it is hard
to de�ne a proper operator just by syntactic rewriting rules. One could try to modify
� #, such that it becomesa proper operator. Unfortunately this is likely to lead to the
weak incompletenessof the operator. Say we disallow re�nement step (1). Considerthe
following re�nement chain (A2 is a most generalatomic concept):

> > 9r:> t 8r:A1
> 9r:A2 t 8r:A1 (2)

If we disallow the �rst step we have to ensurethat we can reach 9r:A2 t 8r:A1 from
> , otherwisethe operator is weakly incomplete. This is just oneexamplecasewe have
to take careof. In particular there can be in�nite chains of improper re�nements:

> > 9r:> t 8r:A1
> 9r:(9r:> t 8r:A1) t 8r:A1

> : : : (3)

This example illustrates that one would have to allow very complex conceptsto be
generatedas re�nements of the top concept,if onewants to achieve weak completeness
and properness.

There is a way to solve the problem: Insteadof modifying � # directly we allow it to be
improper, but considerthe closure� cl

# of � # (seealsoBadeaand Nienhuys-Cheng,2000).

De�nition 4.24 ( � cl
# )

� cl
# is de�ned as follows: D 2 � cl

# (C) i� there exists a re�nement chain

C  � # C1  � # : : :  � # Cn = D

such that C 6� D and Ci � C for i 2 f 1; : : : ; n � 1g. �

� cl
# is proper by de�nition. It also inherits the weak completenessof � # sincewe do

not disallow any re�nement steps,but only check if they are improper.
However, it is necessaryto show that � cl

# is a meaningfuloperator, which we will do in
the sequel.We know that � # is an in�nite operator, soit is clear that we cannot consider
all re�nements of a conceptat a time. The re�nement operator spansa search tree of
ALC concepts,which has an in�nite branching factor. Therefore in practice we will
always compute all re�nements of a conceptup to a �xed length. A �exible algorithm
will allow this length limit to be increasedif necessary. In this sensean in�nite operator
is not a big problem, since we are more interested in smaller conceptsanyway (they
generalizebetter to unseenexamples,i.e. they are lesslikely to over�t the given data).
However, we have to make surethat all re�nements up to a given length are computable
in �nite time. To show this we needthe following lemma.
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Lemma 4.25 ( � # does not reduce length)
1. D 2 � #(C) =) jD j � jCj

2. There are no in�nite re�nement chains of the form

C1  � # C2  � # : : :

with jC1j = jC2j = : : : . (Or equivalently: After a �nite number of stepswewil l
reach a longer concept.)

Pr oof To show the �rst statement we needto observe the steps,which are performed
by � #. We can seethat � # doesoneof four things in each re�nement step:

1. add an element conjunctively ( u )

2. re�ne the top concept(
>
 )

3. generalizean atomic concept(
A
 )

4. generalizea negatedatomic concept(
: A
 )

Steps1 and 2 obviously result in a conceptwith greater length. Step 3 and 4 result in
a conceptwith the samelength. This provesclaim 1.

Claim 2 follows from the fact that there is just a �nite number of atomic concepts
(NC is �nite) and there are only �nitely many occurencesof an atomic conceptwithin
any ALC concept. Hencethere are no in�nite re�nement chains using only steps3 or
4. Thus after a �nite number of re�nements step 1 or 2 is used,which producea longer
concept. �

Prop osition 4.26 (usefulness of � cl
# )

For any concept C in negation normal form and any natural number n the set

f D j D 2 � cl
# (C); jD j � ng

can be computed in �nite time.

Pr oof Becauseof Lemma 4.25we know that for any conceptD in the set there exists
an m such that jD j > jCj with D 2 � m

# (C). Obviously a concepthasonly �nitely many
re�nements up to a �xed length. If we considerall re�nement chains of a conceptC by
� # up to length n asa tree, then this tree is �nite (there are only �nitely many concepts
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4 Re�nement Operators for ALC Concepts

of length � n and any such conceptcan be reached by a �nite re�nement chain). The
set f D j D 2 � cl

# (C); jD j � ng is a subsetof the nodes of this tree. Henceit can be
computed in �nite time. �

Proposition 4.26essentially statesthat using the closureof � # asan operator is useful,
i.e. there is no risk to run in an in�nite loop when computing it up to a certain length
of the re�nements. Hencewe can use� cl

# in a learning algorithm.

4.6 Removing Redundancies

So far we have created a weakly complete and proper re�nement operator. The next
goal is to remove redundancies.The next exampleshows that � # and � cl

# are redundant.
(This already follows from Proposition 4.12,but we show an exampleexplicitly.)

Example 4.27 (redundancy of � # and � cl
# )

Theseare two re�nement chainsof � # and � cl
# (both operatorscanproducethesechains):

>
>
 A1

u
 A1 u A2

>
>
 A2

u
 A2 u A1

A1 u A2 and A2 u A1 are weakly equal (A1 u A2 ' A2 u A1). So there is a re�nement
chain from > to A1 u A2, which doesgo through A1 and another re�nement chain from
> to a conceptweakly syntactically equivalent to A1 u A2, which doesnot go through
A1. This satis�es the de�nition of redundancy(De�nition 4.6, page23). �

In the proof of Proposition 4.15(page31) we have seenthat it is possibleto de�ne a
weakly complete,non-redundant, and proper re�nement operator as follows:

Let S be a maximal subsetof f C j C 6�T >g with C1; C2 2 S =) C1 6' C2.

� (C) =

(
S if C = >

; otherwise

This operator is clearly impractical since it generatesarbitrarily complex concepts
from a single concept instead of using syntactic rewriting rules to modify the input
concept.

This rises the question whether there exists a weakly complete, proper, and non-
redundant ALC re�nement operator, which can be consideredpractically useful. One
idea is to modify � cl

# by disallowing re�nement steps, which causeredundancies. The
following exampleillustrates that this is problematic.

Example 4.28 (problems with non-redundan t operators)
The following two re�nement chains can be producedby � cl

# :

>  8r1:A1 t 8r2:A1  8r1:(A1 u A2) t 8r2:A1  8r1:(A1 u A2) t 8r2:(A1 u A2)

>  8r1:A1 t 8r2:A1  8r1:A1 t 8r2:(A1 u A2)  8r1:(A1 u A2) t 8r2:(A1 u A2)
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Again, we seethat � cl
# is redundant. However, the interesting aspect of this example

is that to avoid redundancieswe may considerdisallowing oneof the re�nement steps:

8r1:(A1 u A2) t 8r2:A1  8r1:(A1 u A2) t 8r2:(A1 u A2)

8r1:A1 t 8r2:(A1 u A2)  8r1:(A1 u A2) t 8r2:(A1 u A2)

Both stepsresult in the sameconceptand thereby lead to the redundancyof � cl
# . We

cannot disallow both stepssincethis would lead to the incompletenessof � cl
# . Looking

closerat both re�nement steps,we seethat both re�ne an element of a disjunction by
rewriting A1 to A1 u A2. This meansthat if we want to disallow oneof both re�nement
steps, we need to modify the way the operator handlesdisjunctions. Instead of dele-
gating the operator to elements of a disjunction like � cl

# (� cl
# can re�ne disjunctions by

re�ning elements of the disjunction) we need to take the structure of each element of
the disjunction into account. However, this is impractical, becauseALC conceptscan
have an arbitrarily deeplynestedstructure. �

Example 4.28 givesan intuition why a weakly complete,proper, and non-redundant
ALC re�nement operator cannothandledisjunctionsby re�ning elements of a disjunction
(which can be consideredthe natural way to handle disjunctions).

Another reasonwhy weakly complete, proper, and non-redundant ALC re�nement
operators are problematic in practice can be found in the proof of Proposition 4.23 on
page39: If a downward re�nement operator � allows to extend a conceptconjunctively,
i.e. for all ALC conceptsC we have C u > 2 � (C) or C u � (> ) 2 � (C), then complete-
nessis automatically derived from weak completeness.By Propositon 4.12 a complete
operator is always redundant. Hencea weakly complete, proper, and non-redundant
operator cannot extend conceptsconjunctively in the way described above.

As a conclusiontherearetwo ways to handleredundancy:The �rst oneis to modify � cl
#

in such a way that redundancyis reduced� but it is problematic to remove redundancy
completely in a practical way. The secondway is to let � cl

# be redundant, but remove
or mark all occuring redundant conceptsby choosingan appropriate search strategy for
the learning algorithm. A combination of both approachesis alsopossible.

We will describe the secondapproach in more detail: A learning algorithm can be
constructed as a combination of a re�nement operator, which de�nes how the search
tree can be build, and a search algorithm, which controls how the tree is traversed.The
search algorithm speci�es which nodeshave to be expanded.(Expanding a noderoughly
correspondsto applying the re�nement operator to the ALC conceptrepresented by this
node.) Whenever the search algorithm encounters a node in the search tree, i.e. an ALC
concept, it can check whether a weakly equal conceptalready exists in the search tree.
If yes, then this node is ignored, i.e. it will not be expandedfurther and it will not be
evaluated.

The �rst observation is that this approach obviously completely removes redundan-
cies. Each concept exists at most once in the search tree. (More exactly: For each
concept there is at most representativ e of the equivalenceclassof weakly syntactical
equal conceptsin the search tree which is evaluated.)
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4 Re�nement Operators for ALC Concepts

The secondobservation is that we can still reach any potential solution. � cl
# handles

weakly equalconceptsin the sameway, i.e. � cl
# (C) ' � cl

# (D) if C ' D. This meansthat
ignoring a concept if a weakly equal conceptalready exists in the search tree doesnot
in�uence the set of conceptswe can reach in the search tree (up to weak equivalence).

The third observation is that this approach is computationally expensive. Hencewe
consideredit worthwhile to investigatehow it can be handled ase�cien t as possible.

Summary: Wegave reasonswhy weakly completeand non-redundant ALC re�nement
operators are impractical. We have then shown that a way to avoid redundancy is to
have a search strategy, which checks for every newly created node whether a weakly
equalconceptalready exists in the search tree.

The next stepis to analysehow this canbedone. We �rst needto de�ne an algorithm,
which decidesC ' D given two conceptsC and D.

Algorithm 4.29 (checking weak equalit y)
Function Name: checkEquality
Input: ALC conceptsC and D in negationnormal form
Output: yesor no
We make a casedistinction on the structure of C:

� C = ? : return yesi� D = ?

� C = > : return yesi� D = >

� C = A (A 2 NC ): return yesi� D = A

� C = : A (A 2 NC ): return yesi� D = : A

� C = 9r:C0: return yesi� D = 9r:D 0 and checkEquality(C0; D 0)

� C = 8r:C0: return yesi� D = 8r:D 0 and checkEquality(C0; D 0)

� C = C1u � � �u Cn : if D is not of the form D1u � � �u Dn then return no otherwise:

� call checkEquality(C1; D i ) starting from i = 1 to i = n until yes is re-
turned; if noneof the tests return yesthen return no as result

� set C0 = C2 u � � � u Cn and D 0 = D1 u � � � u D i � 1 u D i +1 u � � � u Dn ; call
checkEquality(C0; D 0)

� C = C1 t � � � t Cn : analogouslyto the previouscase

The equality check algorithm is rather simple. However, it is not e�cien t since in
conjunctions and disjunctions we have the problem that we have to guesswhich pairs
of elements are equal (caseC = C1 u � � � u Cn in the algorithm). One way to solve this
problem is to de�ne an ordering over conceptsand require the elements of disjunctions
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and conjunctions to be ordered. This would eliminate the guessingstep and allow to
check weak equality in linear time.

De�nition 4.30 (ordering concepts)
We de�ne a relation � over ALC conceptsin negationnormal form as follows:

We assumethat roles are ordered in a list [r 1; : : : ; r t ] and atomic conceptsin a list
[A1; : : : ; Au] such that for i < j we have A i v A j .

Let A; A1; A2 2 NC [ f> ; ?g , r 2 NR , and C; D; C1; : : : ; Cn ; D1; : : : ; Dn (m; n > 1) be
arbitrary ALC conceptsin negationnormal form. Then we have:

� ? � A � > � : A � C1 u � � � u Cn � D1 t � � � t Dn � 9r:C � 8r:D and
8r:D 6� 9r:C 6� D1 t � � � t Dn 6� C1 u � � � u Cn 6� : A 6� > 6� A 6� ? (This de�nes
the ordering over di�erent syntactic structures.)

� A i � A j i� i � j

� : A i � : A j i� A i � A j

� C1 u � � � u Cm � D1 u � � � u Dn i� m < n or m = n and ((C1 6= D1 and C1 � D1)
or (C1 = D1 and C2 u � � � u Cm � D2 u � � � u Dn ))

� C1 t � � � t Cm � D1 t � � � t Dn i� m < n or m = n and ((C1 6= D1 and C1 � D1)
or (C1 = D1 and C2 t � � � t Cm � D2 t � � � t Dn ))

� 9r i :C � 9r j :D i� i < j or (i = j and C � D)

� 8r i :C � 8r j :D i� i < j or (i = j and C � D) �

Prop osition 4.31 (prop erties of � )
1. C � D and D � C implies C = D.

2. � is a linear order.

Pr oof The proof will not be presented in full detail, but rather as a proof sketch.

1. C � D ^ D � C =) C = D: From the de�nition of � it is clear that the
premiseC � D ^ D � C can only be true if C and D are equal with respect to
their outmost syntactic structure (e.g. they are both disjunctions). If C and D
are atomic concepts,then the equality is obvious (i � j ^ j � i =) i = j ).
If C = D = ? or C = D = > , then the claim obviously also holds. For other
syntactic constructs the equality of C and D can easilybe shown by induction.

2. � � is total: This holdssincefor two aribtrary conceptsC and D in any rule in
De�nition 4.30either the condition for C � D or D � C is satis�ed. This is
obvious for atomic concepts,> and ? , and can easilybe shown by induction
for other concepts.
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4 Re�nement Operators for ALC Concepts

� � is re�exive: For any conceptC of any syntactic structure C � C is satis�ed
(which can be veri�ed by looking at all casesin the de�nition).

� � is antisymmetric: C � D and D � C implies C = D according to (1).
Hencethere are no conceptsC, D with C 6= D, C � D, and D � C.

� � is transitive: Assumefor three conceptsC, D, and E we have C � D and
D � E. If C, D, and E do not have the sameoutmost syntactic structure,
then it is clear that we have C � E (by de�nition of the ordering over di�er-
ent syntactic structures). However, if C, D, and E have the sameoutmost
syntactic structure, then C � E is not hard to show, becausein the rules in
De�nition 4.30the relations � , = (transitiv e), and � (transitiv eby induction)
are used. �

Lemma 4.32 (deciding C � D )
C � D can be decided in polynomial time.

Pr oof An algorithm for deciding C � D can be de�ned by simply following the rules
in De�nition 4.30. The input sizeof the problemC � D is jCj + jD j = s. Werefer to one
time step as the comparisionof two symbols (e.g. u and t ). If C and D have di�erent
outmost syntactic structures, then the problem is decidedin exactly one time step. If
C = D = > , C = D = ? or C and D are atomic concepts,then the problem is also
decidedin a singlestep. If C and D are of the form : A, 9r:E or 8r:E, then we needone
time stepplus the time for decidingthe smallerproblemsfor the subconcepts,which can
be solved in polynomial time by induction. If C and D are conjunctions or negations,
then we may additionally alsohave to decidewhether C1 = D1 holds for elements C1 of
C and D1 of D. This check can be done in linear time (in lessthan s time steps). The
other checks (in the casesC1 u � � � u Cn , C1 t � � � t Cn , 9r:C, 8r:C) are polynomial by
induction. Hencethe overall complexity of the decisionis polynomial. �

We have introduceda linear order � over conceptsin negationnormal form and have
shown that C � D is decidable in polynomial time. We can use this linear order to
sort the elements of disjunctions and conjunctions. We say that the resulting conceptis
ordered.

De�nition 4.33 (ordered negation normal form)
A conceptC is in orderednegation normal form i� it is in negation normal form and
the following conditions hold:

� If C is of the form 9r:D, then D is in orderednegationnormal form.

� If C is of the form 8r:D, then D is in orderednegationnormal form.
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� If C is of the form C1 u � � � u Cn , then C1 � � � � � Cn and C1; : : : ; Cn are in ordered
negationnormal form.

� If C is of the form C1 t � � � t Cn , then C1 � � � � � Cn and C1; : : : ; Cn are in ordered
negationnormal form. �

Prop osition 4.34 (transformation to ordered negation normal form)
A concept in negation normal form can be transformed to a concept in ordered nega-
tion normal form in polynomial time.

Pr oof We will �rst de�ne an algorithm for the transformation to an orderedconcept.
The function transform, which takes as input a concept in negation normal form and
returns a conceptin orderednegationnormal form is de�ned as follows:

Algorithm 4.35 (transformation to ordered negation normal form)
Function Name: transform
Input: an ALC conceptin negationnormal form
Output: a weakly equalALC conceptin orderednegationnormal form

We do a casedistinction on the structure of C:

� C 2 f? ; > ; A; : Ag (A 2 NC ): return C

� C = 9r:C0: return 9r:transform(C0)

� C = 8r:C0: return 8r:transform(C0)

� C = C1 u � � � u Cn : transform all elements of the disjunction and then sort
them (e.g. by Quicksort) accordingto �

� C = C1 t � � � t Cn : analogouslyto the previouscase

Obviously this algorithm is correct, i.e. the resulting concept is weakly equal to the
input conceptand ordered.

Let C with jCj = n be the input of the algorithm. The transform function is calledless
than n-times. From a complexity point of view the only interesting caseis the handling
of disjunctions and conjunctions (all other casesare trivial).

C does not contain more than n disjunctions (concjunctions) and each disjunction
(conjunction) has a length less than n. Sorting a disjunction (conjunction) by e.g.
Quicksort is donewith O(n2) comparisionoperations(comparingmeansto decideC � D
for conceptsC and D). In Lemma 4.32, we have shown that such a comparisioncan
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be done in polynomial time. Hence the overall complexity of the algorithm is also
polynomial. �

We have shown that ordering conceptsgreatly increasesthe e�ciency of redundancy
elimination. By ordering concepts,it is possibleto check weak equality in linear time,
becausewe can avoid the guessingstep in Algorithm 4.29 (page 44). This is because
for conceptsin ordered negation normal form checking weak equality is the samelike
checking equality. Note that the transformation of a conceptto an orderedconcepthas
to be doneonly oncewhen inserting it into the search tree. After that it will speedup
all weak equality checks.

The most important questionto ask is whether it is worth to check for redundancies.
We have shown that, given a conceptand a search tree, we can decideif a weakly equal
conceptsexists in the search tree in polynomial time. However, the search tree cangrow
exponentially with the sizeof concepts.It is still worth to eliminate redundancy, because
for measuringwhether a concept is good or not we needto determine instancesof the
concept. Depending on the description languageused for the background knowledge
this problem is at least in PSPACE (for ALC ), but can be in higher complexity classes
(NEXPTIME for SHOI N (D) and OWL-DL). Redundancyelimination canavoid many
instancechecks. Also note that when we do not eliminate redundanciesthe search tree
may contain large subtreesof weakly equal concepts, i.e. we have di�erent subtrees
in the search tree which are identical up to weak equality. In this senseredundancy
elimination alsoavoids the creation of further redundant concepts.

In practicewe would not perform the weakequality check on all conceptsof the search
tree, but rather only on those with the samelength, depth etc. One might think that
an even better method is to start from the root of the search tree and only search those
paths, which can lead to a weakly equal concept. For a conceptC and a node in the
search tree, which represents a conceptD this meanswe have to check whether there
can be a conceptE with E ' C and E 2 � � (D). However, such a check is not e�cien t
since the transformation to ordered conceptscan change the ordering of elements in
conjunctions and disjunctions (not performing the transformation does not help since
then the necessaryweakequality check is not e�cien t). A solution for this problemwould
be to modify the operator such that changesin the order of elements in conjunctions
and disjunctionsnever occur, i.e. applying the operator to a conceptin orderednegation
normal form results in conceptsin orderednegationnormal form. This is possible,but
not desirable,for instancewe would have to disallow the traversal of the subsumption
hierarchy. We will illustrate this in a simple example. Let NC = f A1; A2; A3g, where
the ordering of concept namesis [A1; A2; A3] with A3 @ A1, A2 6v A1 and A1 6v A2.
Considerthe re�nement chain:

>  A1 t A2  A3 t A2

We can reach A3 by re�ning A1, but not by re�ning A2. So in this casewe get a
concept,which is not in orderednegationnormal form (A3 t A2).
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4.7 Further Optimisations

In this section� # and thereby � cl
# will be improvedwhile preservingtheir basicproperties.

Improving the Traversal of the Subsumption Hierarchy

The operator � cl
# allows to traversethe subsumptionhierarchy of atomic concepts.This

is doneby re�ning an atomic conceptA to an atomic conceptA0 such that A0 @A and
there is no A002 NC with A0 @ A00@ A. A drawback of this approach is that there
can be several ways to reach a concept. As an examplelet the following subsumption
hierarchy be given:

>

A1 A2 A3

A4 A5 A6

?

@

We can reach A5 by two re�nement chains in � cl
# :

> > A1
A A5

> > A2
A A5

However, it is not necessarythat we reach A5 by more than onechain and indeedthe
redundancyelimination algorithms we have presented would mark oneof both resultsas
redundant. There is an easyway to avoid this problemby transforming the subsumption
graph into two trees: onetree for downward re�nement of atomic conceptsand onetree
for upward re�nement of atomic conceptsin negatedatomic concepts. In the tree for
downward re�nement for each atomic concept,which has more than one more general
neighbour we just pick oneneighbour and eraseall others. Additionally we can remove
the ? symbol, because� # never re�nes an atomic conceptto the ? symbol. The resulting
tree has the property that there is exactly one path from each node to the > symbol.
(There way at least one path from each node to > before the transformation and we
erasedall paths exceptone.)

The tree for upward re�nement can be constructedanalogously. In this casewe need
to look at more special neighbours and we can remove the > concept.

The algorithm is not deterministic, sothere can be more than onesolution. Theseare
two possibleresulting trees:
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4 Re�nement Operators for ALC Concepts

>

A1 A2 A3

A4 A5 A6

A1 A2 A3

A4 A5 A6

?

Now we can modify � cl
# such that it usesthese trees instead of a direct use of the

subsumption hierarchy. If an atomic concept A as a subconcept of a concept C is
re�ned, then we use the �rst tree for downward re�nement and if a negated atomic
concept A is re�ned we use the secondtree for upward re�nement. This reducesthe
number of re�nements and therefore the number of redundancychecks. The resulting
operator is still weakly complete,sincewe only removed redundant re�nement chains.

Using 9r:(C t D) � 9r:C t 9r:D and 8r:(C u D) � 8r:C u 8r:D

The equivalences9r:(C t D) � 9r:C t 9r:D and 8r:(C u D) � 8r:C u 8r:D can be used
to modify � # without losing weak completeness.

Disjunctions in � # are only introduced in re�nements of the top concept. The only
existential value restrictions in thesedisjunctions are of the form 9r:> for r 2 NR . The
equivalence9r:(C t D) � 9r:C t 9r:D says that it is not necessaryto allow several
disjuncts of the form 9r:> for a �xed role r , becausewe can always reach an equivalent
conceptby only introducing it once. Thereforewe can restrict � # to produce9r:> only
at most onceper role aselement of the disjunction in the re�nement of the top concept,
without losing weak completeness.

� # allows to re�ne a conceptC by extendingit conjunctively. If C is of the form 8r:D
or of the form C1 u � � � u 8r:D u � � � u Cn , then we can restrict � # to disallow adding
an element of the form 8r:E (E is an arbitrary ALC concept). Again, the resulting
operator is still weakly complete.

By using the equalities 9r:(C t D) � 9r:C t 9r:D and 8r:(C u D) � 8r:C u 8r:D
as described above, we have reducedthe number of possiblere�nements, but preserved
(weak) completeness.

4.8 Creating a Full Learning Algo rithm

A learning algorithm can be createdby combining a re�nement operator with a search
algorithm. In this sectionwe will show how to combine the re�nement operator � cl

# with
a redundancy-eliminatingheuristic search algorithm.

Learning conceptsin Description Logics is a search process.The re�nement operator
� cl

# is usedfor building the search tree, while a heuristic decideswhich nodesto expand.
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Major decisioncriteria are obviously the examplescoveredby a concept. We will make
this more explicit by de�nining the notion of quality.

De�nition 4.36 (qualit y)
Let K be a knowledgebase,E � the set of negative examples,and E + the set of positive
examplesof a learning problem. The quality of a concept C is a function, which mapsa
conceptto an element of Q with Q = f 0; : : : ; �j E � jg [ f twg, de�ned by:

quality(C) =

8
><

>:

tw if there is an e 2 E +

with K [ f Cg 6j= e

�jf e j e 2 E � and K [ f Cg j= egj otherwise �

The quality of a concept is "t w" if it is too weak, i.e. it doesnot cover all positive
examples.In all other caseswe assigna number n with n � 0 to a concept,which is the
number of negative examplescovered.

One of the problems we have to solve in the learning algorithm is that there can
be in�nitely many re�nements of a given concept. This meansthat a node can have
in�nitely many children. Henceit is not possibleto expandall of thesechildren. Instead
we will only considerchildren representing conceptsup to a �xed length n. We say that
n is the horizontal expansion of a node.

We will now de�ne a node in the search tree explicitly.

De�nition 4.37 (no de)
A node is a quadrupel (C; n; q; b), whereC is an ALC concept,n 2 N is the horizontal
expansion, q 2 Q [ f -g is the quality, and b 2 f true; falseg is a booleanmarker for the
redundancyof a node. �

The marker "- " standsfor unde�ned. This allows us to have nodeswith an unde�ned
quality. This is useful sincewe do not needto evaluate the quality (which is the most
expensive operation) of redundant nodes. A concept with quality 0 is correct, i.e. it
covers all positivesand noneof the negatives.

In the learning algorithm we needto be able to �nd the �ttest node in the search tree.
We de�ne the �tness of a node as a lexicographicalorder over quality, concept length
and horizontal expansion.

De�nition 4.38 (�tness)
Let N1 = (C1; n1; q1; b1) and N2 = (C2; n2; q2; b2) be two nodes with de�ned quality
(q1; q2 6= � ; tw). N1 is �tter than N2, denoted by N2 � f N1 i� one of the following
conditions hold:

� q2 < q1

� q1 = q2 and jC1j < jC2j

� q1 = q2 and jC1j = jC2j and n1 � n2 �
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4 Re�nement Operators for ALC Concepts

We have now introducedall necessarynotions to specify the completelearning algo-
rithm.

Algorithm 4.39 (learning algorithm)
� Initialize:

� ST (search tree) is set to the tree consisting only the root node
(> ; 0; quality(> ); false)

� minHorizontalExpansion is set to 0

� set horizontalExpansionFactor to a number higher than 0 and at most 1

� while ST doesnot contain a correct concept,do:

� choosea node N = (C; n; q; b) with the highest �tness in ST

� expand N horizontally up to length n + 1, i.e. add all nodes (D; n +
1; � ; checkRedundancy(ST; D)) with D 2 transform(� cl

# (C)) and jD j =
n + 1 as children of N

� changeN to (C; n + 1; q; b)

� set minHorizontalExpansion to max(minHorizontalExpansion;
dhorizontalExpansionFactor � (n + 1))e)

� expand all nodes,which are neither redundant nor too weak, to at least
minH orizontalExpansion and changetheir horizontal expansionvalues
accordingly

� evaluate the quality of all conceptsin non-redundant nodes

We seethat the usual expansion in a search algorithm is replaced by a one step
horizontal expansion.If we only expandthe �ttest node we may not explorelarge parts
of the search space. In order to avoid this, a minimum horizontal expansionis used,
which speci�es that all nodeshave to be expandedat least up to this length. This is a
tradeo� betweenexpandingonly the �ttest node and exploring other parts of the search
space. For instance if we explore nodeswith conceptsof length 7 we may want to be
sure that we exploreat least all conceptsof length 3. This tradeo� is controlled by the
horizontal expansionfactor.

Note that in the algorithm we do not remove overly special or redundant nodes.
We do not remove thesenodes,becausethey can be usedto make it more e�cien t to
compute the closure of � #. There are (at least) two strategies for implementing the
closuree�cen tly: The �rst oneis to storea tree (up to a maximal length of concepts)of
re�nements of � # for each node in the search tree. Whenever we increasethe horizontal
expansionof this node, we expand this tree by applying � # to its leafs. The second
strategy is not to store any additional information in a node in the search tree, but
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recompute the re�nements every time a node is expandedhorizontally (in somesense
this corresponds to iterativ e deepening search). In this caseit is useful not to delete
overly special or redundant nodes,sincewe can stop computing further re�nements of
� # whenever such a node is reached.

Prop osition 4.40 (correctness)
If a learning problemhasa solution, then Algorithm 4.39 eventually terminates and
computesa correct solution of the learning problem.

Pr oof Assumethere is a solution C (which is an ALC concept)of a learning problem.
By the weak completenessof � cl

# , we know that there is a conceptD with D � C and
D 2 � �

#(> ). Becausethe horizontal expansionfactor in Algorithm 4.39 is higher than 0
we will eventually exploreD unlessanother solution is found before. In both casesthe
proposition is satis�ed. �

Characteristics of the Algorithm

In this sectionwe will summarizethe characteristicsof the learning algorithm we have
createdand describe how it integrateswith other research.

First wehaveshown that the re�nement operator � # is weaklycomplete. An important
aspect relatedto weakcompletenessis the di�erence in length betweenthe bestreachable
concept,i.e. the smallestconceptC with C 2 � cl�

# (> ), and the shortest solution. In our
approach the operator � # usesthe negationnormal form of ALC concepts.It can reach
any concept in S#, which contains most of the formulas in negation normal form. In
practice this meansthat for many learning problemsa possiblesolution of the learning
algorithm is close(with respect to length) to the shortest solution. Of course,it cannot
always �nd the shortestsolution, e.g. if all solutionsareequivalent to : (A1u A2) then the
algorithm �nds the solution : A1t : A2 (which is longer). Other learningalgorithms work
on ALC normal form (Esposito et al., 2004), which is a restricted version of negation
normal form (seeSection 2.3). In this casethe algorithm is more likely to produce a
longersolution. Soon the onehand it is desirablenot to restrict the structure of concepts
too much, but on the other hand removing such restrictions makesthe re�nement process
more complexand increasesthe search space.

Note that our learning algorithm avoids di�culties, which arise in other approaches.
Some bottom-up approaches compute the most speci�c concept (MSC) (Cohen and
Hirsh, 1994) of the examplesor consider approximations of the MSC, since in some
description languageslike ALC it neednot exist (Brandt et al., 2002). Then least com-
mon subsumers(LCS) (Cohenet al., 1993)of theseconceptsare computedto generalize
the most speci�c concepts.However, this usually leadsto overly speci�c conceptde�ni-
tions, which are long and over�t the data. Someapproachesusemost speci�c concepts,
but avoid to use least common subsumers(Iannone and Palmisano, 2005). However,
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4 Re�nement Operators for ALC Concepts

they still tend to producevery long solutions. Theseproblemsdo not occur in our learn-
ing algorithm, sinceit is a top down approach, which wasdesignednot only to produce
a correct solution, but also to carefully take the length of a solution into account. As
explained above we also avoided to imposetoo many restrictions on the structure of
concepts.

Another nice feature of the learning algorithm is that it makesuseof the subumption
hierarchy of atomic conceptsin the knowlege base. Often this allows to ignore large
parts of the search space,e.g. if the conceptMale is already overly special then we do
not needto check Man, Father , and Uncle (assuminga meaningfulknowledgebasewith
theseconceptsis given).

To avoid improper re�nement steps we have consideredthe closure � cl
# of � #. We

have also shown how the problem of in�nite operators can be handled by not fully
expandingnodes,but just computethe re�nements up to a speci�ed length of concepts.
In Proposition 4.26we have shown that for � cl

# this can always be donein �nite time.
Further we have shown that meaningfulweakly completeoperatorsare usually redun-

dant. For this reasonthe problem of redundancywashandledby creating a redundancy
eliminating heuristic (instead of trying to de�ne a non-redundant operator). We de-
scribed exactly how the redundancy elimination works. In particular we presented a
polynomial time check for weak equality, which relies on an ordered negation normal
form of ALC concepts.

Related Work

Somelinks to related work have already beengiven above in the discussionof the char-
acteristicsof the developed learningalgorithm. However, we want to make the two main
in�uences of our research more explicit.

An interesting paper, which is closestto our work, is (Badea and Nienhuys-Cheng,
2000). It suggestsa re�nement operator for the ALE R description logic. They also
investigatesometheoretical properties of re�nement operators. However, unlike in this
thesis,this is not a full analysis. As we have donewith the designof � #, they alsofavour
the useof a downward re�nement operator to enablea top-down search. They useALE R
normal form (seethe paper for a detailed description), which is easierto handle than
ALC negationnormal form, becauseALE R is not closedunder booleanoperations. As
a consequence,they obtain a simpler re�nement operator. Although they took a similar
strategy for solving the learning problem, our work is more comprehensive, for instance
we investigatethe theoretical properties of re�nement operators in more depth, propose
a di�erent way to deal with in�nite operators, show how the subsumptionhierarchy of
atomic conceptscan be usede�cien tly, and describe how redundancycan be avoided.

The secondarea of ongoing related work, is the research at the University of Bari
in Italy, described in (Esposito et al., 2004;Iannone and Palmisano,2005). They take
a di�erent approach for solving the learning problem by using approximated MSCs.
As described above, when we discussedthe characteristics of our learning algorithm,
the main problem of their algorithms is that, like other approaches using MSCs, they
tend to produce correct, but often unnecessarilylong solutions of learning problems.
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One problem is that MSCs for the description languageALC and more expressive lan-
guagesdo not exist and hencecan only be approximated. Previouswork (Cohen et al.,
1993;Cohenand Hirsh, 1994)in the research areaof learning in Description Logicswas
mostly focusedon approaches using MSCs and LCSs, which face this problem to an
even greater extend than the algorithms developed in Bari. In our approach we also
cannot guarantee that we obtain the shortest possiblesolution of a learning problem.
However, as described above, the learning algorithm was carefully designedto produce
short solutions. The solution we produce,will be closeto the shortest existing solution
in negationnormal form. In fact, we canhandlethis by varying the horizontal expansion
factor in the learning algorithm (seepage52). In their algorithms they alsomake useof
re�nement operators, but do not focuson theoretical properties.

An Example Run

In this sectionwe show an examplerun of the algorithm for the problem of learning the
conceptFather . Let the following knowledgebasebe given:

Male � : Female Male(MARC)
Male(STEPHEN)

hasChild (STEPHEN,MARC) Male(JASON)
hasChild (MARC,ANNA) Male(JOHN)
hasChild (JOHN,MARIA) Female(ANNA)
hasChild (ANNA,JASON) Female(MARIA)

Female(MICHELLE)

The positive examplesin this caseare STEPHEN, MARC, and JOHN. The negative ex-
amplesare JASON, ANNA, MARIA, and MICHELLE. The conceptMaleu 9hasChild :> is a
solution, so by Proposition 4.40the algorithm will solve the learning problem.

Figure 2 shows the search tree in each step of the algorithm. In this casewe have
chosen0.4 ashorizontal expansionfactor. The role hasChild is abbreviatedby h. Male
is abbreviated by Ma, and Femaleby Fe. The selected�ttest node is gray. We do not
show nodes,which wereclassi�ed asoverly special in previoussteps. On the left of each
node we seethe quality of the concept represented by the node. On the right of the
node is its horizontal expansion. The example is too small to highlight all featuresof
the learning algorithm, but is su�cien t to get a generaloverview of the workings of the
algorithm.

What we have presented in this section is a deterministic learning algorithm, which
usesa search tree to �nd a solution of a learning problem. In the next sectionwe will
look at a stochastic approach as an alternative learning algorithm. Both methods have
di�erent properties and their relative performanceis likely to be problem speci�c.
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4 Re�nement Operators for ALC Concepts

Initialisation (minimum horizontal expansion= 0):

-4 > (0)

Step 1 (minimum horizontal expansion= 1):

-4 > (1)

tw ? (1) -1 Ma (1) tw Fe (1)

Step 2 (minimum horizontal expansion= 1):

-4 > (1)

-1 Ma (2)

Step 3 (minimum horizontal expansion= 2):

-4 > (2)

-1 Ma (3)

tw Mau Fe (3)

tw : Ma (2) -1 : Fe (2)

Step 4 (minimum horizontal expansion= 2):

-4 > (2)

-1 Ma (4)

tw Mau : Ma (4) -1 Mau : Fe (4)

-1 : Fe (2)

Step 5 (minimum horizontal expansion= 2):

-4 > (2)

-1 Ma (5)

-1 Mau : Fe (4) 0 Mau 9h:> (5) tw Mau 8h:Ma (5) tw Mau 8h:Fe (5)

-1 : Fe (2)

Figure 2: learning the conceptFather (horizontal expansionfactor is 0.4)
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5 Concept Learning and Genetic Programming

In this sectionwe �rst brie�y introduceEvolutionary Programming(EP) and then focus
on GeneticProgramming(GP) asa specialkind of evolutionary programming. Later we
show how to apply GeneticProgrammingto the learningproblemfor DescriptionLogics.
After that we will unite GeneticProgrammingand re�nement operators to improve the
performanceof the learner. Finally, interesting extensionslike learning from uncertain
data and conceptinvention are presented.

5.1 Basics of Evolutiona ry Computing

Genetic Programming is an evolutionary algorithm and more generala Machine Learn-
ing technique. Evolutionary algorithms are inspired by the observation and computer
simulation of biological evolution in the real world. One of the main sourcesof inspira-
tion is Darwin's theory of evolution. In nature traits found in parents can be passedto
their o�spring. Usually both parents in�uence the new o�spring and additionally mu-
tations can producenew traits. In evolution there is a processcalled natural selection,
which givesindividuals, which are better adaptedto their environment, i.e. have a high
�tness, a better chanceto survive and producenew o�spring.

Theseconceptsin nature are mapped to computersas shown in Table 5. The given
problem, which we want to solve, is seenas an environment in which a population
of individuals evolves. Each individual corresponds a solution of the problem. In every
generationnatural selectionis usedto selectthe �ttest individuals amongthe population,
which can then reproduceand form a new generation.

From a more technical point of view evolutionary computing is a search algorithm.
It takesa set of possiblesolutions (the population), choosessomeof them (selection),
modi�es theseusing geneticoperatorsand forms a new set of solutions (the next gener-
ation of the population). The aim of the search algorithm is to �nd a good solution, i.e.
an individual having a high �tness. This is how the algorithm in its generalform looks
like:

Algorithm 5.1 (generic evolutionary algorithm)
- createpopulation
- while the termination criterion is not met:

- selecta subsetof the population basedon their �tness
- produceo�spring using geneticoperators on selectedindividuals
- createa new population from the old oneand the o�spring

Of course,this algorithm is very abstract. Many questionsare still open: How do we
represent individuals? How do wecreatea population of individuals? Which termination
criteria exist? What selectionmethods are used?Which geneticoperators can be used
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5 ConceptLearning and Genetic Programming

nature evolutionary computing
individual problem solution
�tness quality of a solution
chromosome encoding of a solution
crossover, mutation geneticsearch operators
natural selection reuseof good solutions

Table 5: mapping conceptsin nature to evolutionary computing

and how do they work? These questionswill be answered in the Section 5.2 for the
special caseof Genetic Programming.

Beforewe will brie�y give an overview of existing evolutionary computing algorithms
and their distinctive features:

Genetic Algorithms This is a very popular evolutionary algorithm. The solutionsof a
problem are usually represented asa �xed length string of numbers(in most cases
binary). It is the predecessorof Genetic Programming.

Genetic Programming Genetic Programming is the evolutionary algorithm which we
focuson in this thesis. In contrast to GeneticAlgorithms solutionsare represented
as variable length programs. A tree representation is very common, but linear
Genetic Programming is alsoused.

Evolutiona ry Programming Evolutionary Programmingmakesno assumptionson the
structure of the representation of an individuals. An individual could be repre-
sented as a neural network or a �nite state machine. Usually operators do not
change the structure of the solution itself, but its numerical parameters. Such
an operator could for instance change the weights of a neural network or state
transitions in a �nite state machine.

Evolutiona ry Strategy Evolutionary Strategiesare similar to evolutionary program-
ming. It works on vectors of real numbers as representations of solutions. A
di�erence betweenevolutionary strategiesand evolutionary programming is that
the latter does not use any kind of recombination between di�erent individuals,
but usesmutation style operators, which only changea single individual. In this
way Evolutionary Strategiescan be seenas an evolutionary processon the basis
of individuals and Evolutionary Programming as a processon the basisof species
(di�eren t speciesdo not combine).

Learning Classi�er Systems Learning Classi�er Systemsare a combination of Genetic
Algorithms and Reinforcement Learning techniques. They are used for learning
IF-THEN-rules.

All approacheshave in commonthat they are population basedand inspired by bi-
ological evolution and natural selection. They mainly di�er in the way solutions are
represented. After this generaloverview we will now deal with the speci�cs of Genetic
Programming.
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5.2 Intro duction to Genetic Programming

Genetic Programming is one way to automatically solve problems. It is a systematic
method to evolve programsand hasbeenshown to deliver human-competitiv e machine
intelligencein many applications (Kozaet al., 2003).

The distinctive featureof GeneticProgrammingwithin the areaof Evolutionary Com-
puting is to represent individuals as variable length programs. It is an extension of
GeneticAlgorithms, which use�xed length strings (corresponding to the DNA of an in-
dividual). We will introduceGeneticProgrammingdirectly without covering the special
caseof Genetic Algorithms.

The primary use of Genetic Programming is to automatically �nd a program for
solving a given task. Programs can have a tree (e.g. LISP) or linear (e.g. impera-
tive languages)structure. Systemsfor the latter casefall under the categoryof Linear
Genetic Programming. Although both casesare similar, Linear Genetic Programming
facesdi�erent problems(i.e. syntactic correctness). In this thesis only tree basedGe-
netic Programming will be introducedas it is the approach, which we will useto learn
Description Logics.

Tree Representation and Alphab et

Wewill now look at the tree representation of programsin moredetail. Let usassumewe
want to construct a GP algorithm for �nding a function of two variablesapproximating
given data i.e. in an interpolation task. Figure 3 shows a tree representation of the
arithmetic expression(2 � y) � (3+ (x � 2)), which is a potential solution of our problem.
The actual individual or solution is called the phenotype whereasthe encoding of the
solution is the genotype.

*

-

2 y

+

3 *

x 2

Figure 3: simple program in tree structure

The function set is the set of all internal nodes,which can occur in a tree, and the
terminal set is the set of all leaf nodes,which can occur in a tree. The union of both is
called the alphabet.

All elements in the alphabet can be assigneda data type (their return type). In our
examplesthis would be the natural numbers. An alphabet is said to have the closure
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5 ConceptLearning and Genetic Programming

property if any function symbol can handle as an argument any data type and value
returned by an alphabet symbol. In particular an alphabet hasthe closureproperty if all
nodeshave the sameargument and data type. An alphabet having the closureproperty
is calledclosed. We needthe closureproperty, becauselater on we want to modi�y trees
using geneticoperators, e.g. replacing subtreesby other subtrees.Without the closure
property we would needadditional methods to make sure that the obtained program is
meaningful. There are approachesto handledi�erent data typesin the areaof Strongly
Typed Genetic Programming (Montana, 1995). In this approach data typesare speci�ed
explicitly and in all modi�cations of treesit is ensuredthat no illegal trees(with respect
to data types) are produced.

Example 5.2 (closure prop ert y)
The following alphabet is closed:

T = f x; y; True;F alseg; F = f AN D; OR; N OTg

For this exampleto be closedwe assumethat x and y arebooleanvariablesand all other
symbols have the obvious meaning.

Another closedalphabet is (" � " is subtraction):

T = f x; y; ERC[0; 1]g; F = f� ; + ; �g

Note that ERC[0; 1] stands for "ephemeral random constant between 0 and 1". This
meansthat when creating an individual a random number between0 and 1 is chosen,
which remains�xed after creation (sowhenevaluating the tree it is actually a constant).
Here and in the following examplesx and y are variablesof type integer.

The following alphabet is not closed,becausedivision (=) by zero is not de�ned:

T = f x; y; 0; 1g; F = f� ; + ; � ; =g

It can be closedby using a protected division. This involves explicitly de�ning the
behaviour in caseof a division by 0, e.g. return a value of 1 in this case.

Another non-closedalphabet:

T = f x; yg; F = f + ; � ; sin; logg

It is not closed,becausethe logarithm is only de�ned for positive numbers. Again, we
can protect it by e.g. returning 0 if the argument is a negative number. �

Note that although boolean and arithmetical examplesare shown here, GP's are by
no meanslimited to such tasks. They can alsobe applied to a variety of other tasks like
robot control, electrical circuit design,neural network construction and many more.

Another property of an alphabet is su�ciency . Su�ciency meansthat the alphabet
symbols are su�cien t to expressthe solution of a problem.

Example 5.3 (su�ciency)
The alphabet T = f x; yg; F = f AN D; OR; N OTg is su�cien t to learn any boolean
function of two variablesx and y, e.g. X OR.

The alphabet T = f x; 0; 1g; F = f� ; + ; �g is not su�cien t to learn the function ex ,
becauseex cannot be expressed(only approximated) using only polynomials. �
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Note that in many casesit is very complicatedor impossibleto determinewhether or
not an alphabet is su�cien t. For sometasks even the choiceof the alphabet is di�cult.
Including many symbols in the alphabet increasesthe search space,but not including
certain symbols can greatly degradeperformance. It dependson the speci�c problem,
which alphabet is suitable.

Creating an Initial Population

Beforethe evolutionary progressof a GP algorithm canstart, an initial population hasto
becreated. Therearetraditonally threemain methodsto do this, which wewill introduce
brie�y . Finally, a slightly modi�ed creation method is presented, we considereduseful
for possiblefuture experiments.

The Grow Metho d The grow method createsoneindividual at a time. As parameter
it takesthe maximum depth d of the tree to be created. If d = 0, the grow method just
returns a terminal symbol. If d > 0, the method randomly selectsa symbol from the
alphabet. If this symbol is a terminal, we return it. If it is a function symbol of arity n,
we (recursively) call the grow method with depth parameter d � 1 n-times to generate
all children.

This way a tree of maximum depth d is created. However, it doesnot necessarilyneed
to have depth d nor doesit have to be a completetree. (A completetree is a tree where
all leaf nodeshave equal depth.)

The Full Metho d The full method works like the grow method, but we just gener-
ate function symbols until the maximum depth d is reached, when we will generatea
terminal. This method createscompletetrees.

Ramped-Half-and-Half The ramped-half-and-half method is a combination of the
grow and full method. It is very popular, becauseit increasesthe variation in the
structure of the generatedtrees. Again, a maximum depth parameter d is used. The
population, which we want to generate,is divided in d � 1 parts. In the �rst part all
treeshave a maximum depth of 2. Half of them are generatedby the grow and the other
half by the full method. In the secondpart the maximum depth is 3, in the third part
the maximum depth is 4 etc. In part d � 1 the maximum depth is d. This way it is
ensuredthat there is a variety of di�erent tree depths of completeas well as (possibly)
incompletetreeswithin the population.

Function-Based-Half-and-Half This is a more �exible extensionof the ramped-half-
and-half method. (We do not know if it is already mentioned in literature.) A disad-
vantage of the ramped-half-and-half method is that it generatesthe samenumber of
individuals for each depth between2 and the maximum depth d. However, the number
of di�erent trees increases(exponentially) with increasingtree depth. It seemsto be
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5 ConceptLearning and Genetic Programming

sensibleto generatemore trees with higher tree depths. This is done by the function-
based-half-and-halfmethod. It generatesone tree at a time. First it decideswether
to usethe full or the grow tree method (both with equal probability). Then it decides
which maximum tree depth to use. To do this onehasto specify a function f : D ! R +

with D = f 2: : : dg (the set of all possiblemaximum tree depths). Then a tree with
maximum depth i is generatedwith probability prob(i ):

prob(i ) =
f (i )

dP

i =2
f (i )

The sum of all possibletree depthsobviously addsup to 1. The ramped-half-and-half
method can be approximated by using f (i ) = 1. A useful function could be f (i ) = i or
even f (i ) = i 2 to generatemore treeswith high maximum depth.

Genetic Operators

The creation of the initial population is alreadya search for a possiblesolution, but it is
blind and random. For complexproblemsit is unlikely that any reasonablesolution will
be produced in the initialisation phase. However, someof the individuals may contain
parts of a usefulsolution. It is the role of the evolutionary process(selectionand genetic
operators) to �nd and combine the piecesto a good solution. In this sectionwe will give
an overview over the operatorsusedin GP. All operatorsuseoneor two individuals and
modify them. The main operatorsarereproduction and crossover. Mutation canbeused
as a secondaryoperator and we will alsobrie�y mention other operators, which can be
useful. Last bot not least it shouldbe mentioned that onecan alsode�ne own operators
for a speci�c problem,which is a way of addingknowledgeto the search process.We will
later do this to incorporatere�nement operatorsin the GeneticProgrammingframework.

Reproduction Reproduction is a very simple operator. It selectsone individual and
leavesit unchanged. The e�ect is that the individual is copiedover in the next genera-
tion. The selectionfunction in a GP is designedto select�tter individuals with a higher
probability, so reproduction is oneway to ensurethat �tter individuals survive.

Crossover The crossover operator selectstwo individuals (parents) and producestwo
o�spring. In both parents one node is randomly selected. These are the crossover
points. The subtreesrooted by the two points are then swapped, which producestwo
new individuals. The next exampleillustrates this process.

Example 5.4 (crossover)
Parents (crossover points highlighted):
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1 x

*

2 *

x 1

O�spring:

+

*

x 1

x

*

2 1

The closureproperty ensuresthat we obtain legal trees. Note that if both crossover
points areroots of the parent treesthen crossover is equivalent to reproduction. Another
interesting observation is that identical parents are likely to producedi�erent o�spring.
This meansthat evenin a population with many identical individuals wecanstill produce
new solutions. (Remark: This property does not hold for Genetic Algorithms, where
the genotypesare strings of numbers.)

A technical issueis that crossover canproducetreesof considerabledepth. This is the
casewhen one crossover point is closeto the root and the other one has a high depth.
For this reasona depth limit or a depth penalty can be used. Crossover is the main
operator in Genetic Programming. It is typically usedwith a probability of around 85
to 90 percent. However, we will later seethat the probability of the useof an operator
is higly problem speci�c. In someGenetic Programming systemscrossover is not used
at all.

Mutation Mutation selectsone individual from the population and randomly chooses
a node in the corresponding tree (the mutation point ). The subtree rooted by this
mutation point is removedand replacedby a randomly generatedsubtree. If this subtree
consistsonly of a single node (a terminal) this is called a point mutation. Usually to
generatethe subtreethe grow method is usedwith the samemaximum depth like in the
initialisation. Mutation is usedsparingly. Typically its probability is around 1 percent.

Example 5.5 (m utation)
The selectedindividual is shown on the left and the resulting individual after mutation
on the right (mutation point highlighted):
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+

1 x

+

*

x 1

x

Permutation Permutation producesa random changein the order of the arguments
of a function. It selectsoneindividual and randomly choosesa non-terminal node in the
corresponding tree (the permutation point ). After that a random permutation of the
function arguments is generatedand the children of the permutation point are ordered
accordingto this permutation.

Example 5.6 (p erm utation)
The selectedindividual is shown on the left and the resulting individual after permuta-
tion on the right (permutation point highlighted):

-

1 x

-

x 1

Permutation only makessenseif the order of the arguments is relevant for the selected
function. Thereforeonemay restrict permutation to selectonly such functions, e.g. "-"
can be selected,but not "+".

Editing A GP tree canbe highly redundant, becausethe GP doesnot have any knowl-
edgeabout the structure it is working on. Naturally oneidea is to remove redundancies
in the tree representation. This is often doneby recursively applying simpli�cation rules
to a tree, which are problem speci�c. As a simple exampleTrue AN D True can be
replacedby True and x + 0 can be replacedby x.

Example 5.7 (editing)
The selectedindividual is shown on the left and the edited individual on the right:

*

1 -

x 0

x

Although editing seemsto be a usefulgeneticoperator its e�ects are unclear. Extra-
neousparts of the tree, which when removed do not alter the result, are called intr ons.
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They emergewhen variable length structures are modi�ed. In early generationsof a
GP run introns make up a small part of the code, whereastowards the end of a run
they tend to make up almost all of the code (if one does nothing to prevent introns).
This processis called bloat. At �rst glanceit seemsto be bene�cial to remove introns
completely, however, they can be useful,becausethey increasethe e�ective �tness of an
individual. E�ectiv e �tness is the likelihood that an individual's descendants survive. It
is determinedby the �tness of the individual (becauseselectionprefers�tter individuals)
and how �t the o�spring is likely to be. Introns can shield a tree from the destructive
e�ects of crossover, so they increasethe surivivabilit y of the o�spring and thereforethe
e�ective �tness. Of course,introns can also be problematic. If introns make up almost
all of the code, then crossover doesnot e�cien tly producenew solutions (it just swaps
introns). Too many introns can also negatively a�ect runtime. A common meansto
avoid this is to introduce a �tness penalty for the sizeof the generatedtree. This way
individuals without introns are slightly �tter.

Selection

Selectionmethods in GP algorithms are used to simulate natural selectionin nature,
sometimesalso referedto as survival of the �ttest . Technically this meansthat individ-
uals with high �tness are selectedwith higher probability comparedto individuals with
low �tness.

How do we actually measure�tness? Of course,this is highly problem dependant, but
most approacheshave in commonthat the �tness of an individual is decoded asa single
number. A higher number denoteshigher �tness of the individual. Although the �tness
value is a singlenumber the measuringprocesscan be quite complex. It could involve
letting a robot act on a problem for sometime or to test the performanceof a neural
network. It can alsobe as easyas the evaluation of a simple formula.

In many casesonehasto encode multiple objectivesinto a single�tness function. For
instance if we want to �nd a function approximating a given data set, one criterion is
usually how closethe function is to the given data. Another criterion is the length of
the function we �nd. A short function usually generalizesbetter to unseendata. In such
casesthe �tness function canalsobe usedto bias the search process(correctnessvs. low
complexity). The choiceof the �tness function can greatly in�uence the result of a GP
algorithm.

Assumingan appropriate �tness function a single�tness valuecanbe assignedto each
individual. Usually one individual is selectedat a time. A selectioncan be viewed as
a probability distribution of the individuals in a population and a population can be
viewed as a list of �tness values. There are a variety of di�erent selectionmethods and
only someof thesewill be described here.

Fitness Prop ortionate Selection (FPS) FPS is a popular selection method. Its
foundation is that the probability of an individual being selectedis proportional to its
�tness. If we denote f i as the �tness of individual i and s =

P n
k=1 f k as the sum of

all �tness values in a population of n individuals, then the probability of individual i
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being selectedis f i
s , denoted by prob(f i ). There are several algorithms for computing

this e�cien tly, which will not be described here.
FPS is a very straightforward way to implement natural selection. In practical appli-

cations it hasbeenshown that it can be usedto quickly convergeto a good solution. A
drawback of FPS is stagnation. At the end of a GP run the population often consists
mostly of individuals with similar �tness and somelow �tness individuals. In this case
all individuals have almost the sameprobability of being selectedand there is virtually
no selective pressure. This can be avoided by using a �tness scaling technique. One
such scalingtechnique is sigmatruncation. It replacesthe �tness function f by f 0 with
f 0 = max

�
0; f � f + c�

�
wheref = s

N is the average�tness within the population, � is
the standard deviation of the population and c is a factor (usually 1 � c � 3). Whether
or not sigmatruncation is necessarydependson the �tness measure.

Example 5.8 (sigma truncation)
Assumewe have 5 individuals in our population and the following �tness list:

[123; 121; 122; 123; 108]

We can compute the following values:

N = 5; s = 597; f = 119:4; � =

vu
u
t 1

N

NX

i =1

(f i � f )2 = 5:748: : :

With standard FPS we get this probability list:

[20:6%; 20:3%; 20:4%; 20:6%; 18; 1%]

Using sigma-truncation with c = 2 we get the following list for f 0:

[15:1; 13:1; 14:1; 15:1; 0:1]

This results in this probability list:

[26:2%; 22:8%; 24:5%; 26:2%; 0:2%]

The variancein the probability list hasbeenincreased,sothe GP actually distinguishes
betweenindividuals of similar �tness (here: 121-123).This shows that sigma-truncation
can increaseselective pressure. �

Rank Selection Another way to solve the stagnationproblemis rank selection. In this
method individuals aresortedby their �tness, i.e. each individual getsa rank within the
population. The probability of beingselectedin rank selectiononly dependson the rank
of the individual and not directly on its �tness value. The probability is then a function
of the rank (this can be any sensiblefunction). Rank selectionusually convergesslower
than FPS, becauseeven less�t individuals can be selected.Note that for rank selection
a �tness function is not strictly necessary, but onejust needsan ordering on individuals.
It is alsonot necessaryfor the �tness valuesto be positive.
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Tournament Selection Tournament selection is similar to rank selection, but does
not require the individuals to be sorted by their �tness. It takesm (m � 2) individuals
from the population and selectsthe best one (all others are discarded). Tournament
selectionis more naturally inspired than rank selection.

In all the selectionmethods onecan usea �ag called elitism. It meansthat the best
individual always surives, i.e. it is automatically passedon to the next generation.

Termination

An issuewe have not yet discussedis the termination of the GP algorithm. In some
casesit is possibleto detect whether or not an optimal solution has been found. In
such casesonecan simply terminate after such an individual hasbeenfound. Often an
optimal individual does not exist (or it is unknown whether it exists). In thesecases
onecan terminate if the �tness of the best individual hasexceededa certain threshold,
which meansthat it is su�cien tly closeto an optimal solution. Another more complex
termination criterion is to verify whether the geneticdiversity of the population is high
enoughto producebetter solutions. If all individuals areequalor very similar this usually
meansthat the GP hasconvergedand is unlikely to producenew better solutions. In a
lot of applications a much simpler criterion for termination is used: a �xed number of
generationsor a manual abort by the user.

We de�ned another simple method to test for convergence. (We did not �nd an
explicit mention of it in the literature, but it is straightforward.) The user can specify
a number of post convergence generations. If the GP algorithm does not �nd a �tter
individual within this number of generations,it stops. This is a very natural targeted
criterion, becausethe task of the GP algorithm is to �nd the �ttest individual possible.
If it doesnot �nd any better solution for a su�cien tly large number of generations,it
hasconvergedwith a high probability.

Overall Algorithm

We have introducedall necessaryingredients of a GP algorithm and now want to show
how to combine them.

We can distinguish two typesof GP algorithms: generational and steady-state. They
are, of course, both specialisations of the general evolutionary computing algorithm
(Algorithm 5.1). In a generationalalgorithm the new generation completely replaces
the old generation,i.e. the new generationis build completely from individuals, which
have beenproducedby geneticoperators. In contrast in a steady-statealgorithm only a
subsetof the old generationis replacedby the o�spring. Usually the weakest individuals
are replaced,while the �tter individuals survive. (The exact percentage of individuals
which have to be replacedis a parameterof the GP algorithm.)

There are four stepsto de�ne a standard GP problem:

1. De�ne the alphabet.
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2. De�ne the �tness measure.

3. Choosea termination criterion.

4. Fix all parametersof the GP.

Parametersof a GP algorithm include population size,algorithm type, initialisation
method, selection method, and the probabilities of the genetic operators used. The
population sizeallows the GP to be adjusted to the computational resourcesavailable.
A higher population sizeusually meansthat the probability of �nding a good solution
is higher.

Algorithm 5.9 (Genetic Programming)
- createinitial population (section 5.2)
- while the termination criterion (section 5.2) is not met:

- evaluate the �tness of all individuals in the population
- while the number of individuals to generateis not reached:

- choosea geneticoperator (section 5.2)
- select(section 5.2) the appropriate numbers of individuals

for this operator and generatenew individuals
- copy theseindividuals into the new population

This algorithm alsoappliesto other areasof Evolutionary Computing. This distinctive
feature of Genetic Programming is the use of variable length programs to represent
possiblesolutions.

5.3 Application to Description Logics

In this thesiswe are concernedwith learning ALC concepts.Sofar, we have shown how
Genetic Programming works and we now want to apply it to the learning problem for
Description Logics. The way we do it is natural and straightforward.

We canrepresent each ALC conceptasa tree. There are the following typesof nodes:
conceptnames,> , ? , t , u, : , 8r , and 9r . The leaf nodesare, of course,the concept
names,> , and ? . All other node typesare function symbols of arity oneor two.
Example 5.10 (represen ting ALC concepts as trees)
The ALC conceptMalet 9hasChild :Femalecan be represented as the following tree:

t

Male 9hasChild

Female

�
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More formally the alphabet we use is T = NC [ f> ; ?g and F = ft ; u; :g [ f8 r j
r 2 NRg [ f9 r j r 2 NRg. An important question we have to ask is whether this
way of representing ALC conceptssatis�es the closureproperty. Indeed it is satis�ed,
becausethe way treesarebuild exactly correspondsto the way ALC conceptsarede�ned
recursively. This meansthat all nodesare of type concept,so closureis satis�ed. This
ensuresthat crossover and mutation cannot construct illegal trees.

Pleasenote that the tree representation we have shown is just one way to encode
ALC concepts.Another possibility would be to consideru and t as nodesof arbitrary
arity (� 2), e.g. a conjunction Male t 9hasChild :Femalet 8hasChild :Male can be
represented as:

t

Male 9hasChild

Female

8hasChild

Male

When using Genetic Programming we could, of course,also learn in more expressive
description logicsthan ALC , which allow the useof role constructorsin concepts.The
following remark explainshow we could learn in such logics.

Remark 5.11 (role constructors)
Somedescriptionlanguages(for instanceALCI r eg) alsoallow role constructorsto appear
within concepts. If such description languagesshould be learnedby Genetic Program-
ming the closure property no longer holds, becausewe now have two di�erent node
types: conceptsand roles. (Note than in ALC we also have roles, but they are hidden
within the 8r and 9r nodes.) We canstill useGeneticProgrammingby now extendingit
to strongly typed GeneticProgramming (STGP). In STGP we have to explicitly assign
argument- and return-typesof each operator (if we allow e.g. disjunction for concepts
and roles, then this would be two separateoperators). Additionally we have to assign
a type to our learning task: Either concept for concept learning or role for learning
roles. When generating trees we have to take care that we only generatevalid trees,
which respect the type restrictions (this is not di�cult). Additionally all usedgenetic
operators have to be modi�ed to be type aware. For crossover this meansthat we still
randomly selecta node in the �rst parent, but we have to selecta node of the sametype
in the secondparent. For mutation this meansthat the node at the mutation point has
to be replacedby a tree of the sametype. This brief description shows that Genetic
Programming can be applied to various description languages. �

Fitness Measurement

Apart from being able to represent an ALC concept we also need to de�ne a �tness
measure.Of course,this measurement is derivedfrom the backgroundknowledgeand the
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positive and negative examples.The �tness measurement may take several things into
account (e�ciency of measurement, correct classi�cation, avoiding over�tting, learning
from uncertain information etc.). We introducesomeshortcuts to be able to de�ne the
�tness function in a more compactway.

De�nition 5.12 (covered examples)
Let Target be the target concept,K a knowledgebase,and C an arbitrary ALC concept.
The set of positive examplescovered by C, denotedby posK (C), is de�ned as:

posK (C) = f Target (a) j a 2 N I ; K [ f Target � Cg j= Target (a)g \ E +

Analogously the set of negative examplescovered by C, denoty by negK (C), is de�ned
as:

negK (C) = f Target (a) j a 2 N I ; K [ f Target � Cg 6j= Target (a)g \ E �
�

Of course,the �tness measurement should give credit to covered positive examples
and penalizecovered negative examples. In addition to these classi�cation criteria it
is also useful to bias the GP algorithm towards shorter solutions. A possible �tness
functions is:

f K (C) = jposK (C)j � jnegK (C)j �
1
a

jCj (a > 0)

a is a parameter, which speci�es the importance of simplicity comparedto correct
classi�cation. (Intuitiv ely a is the increasein length of a possiblesolution which justi�es
that onemoreexampleis not classi�ed correctly.) The parametera is alsousedto handle
noise. If we know that the data is noisy, then a should have a low value. In this way
GP algorithms can handle noiseeasily.

Often a weighted version of a �tness function is more appropriate to be more inde-
pendant of the number of examplesgiven:

f K (C) =
jposK (C)j

jE + j
�

jnegK (C)j
jE � j

�
1
b
jCj (b> 0)

For the approacheswe considerin this sectionboth �tness functions are suitable. We
will later slightly extend the �tness function to learn from uncertain data.

Being able to represent solutions and measuringtheir �tness is already su�cien t to
apply GeneticProgrammingto a problem. However, we may alsoask if it is a good idea
to useit. We present someadvantagesand problemsof the introducedapproach.

Advantages of Genetic Programming

One of the reasonswhy GP is tried as a method to learn in Description Logics is its
�exibilit y. As explainedabove, it can be usedto learn in several description languages,
becauseit is a very general learning method. Genetic Programming has shown very
promising results in practice (Kozaet al., 2003),sowe consideredit worh investigating.
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GP is especially suited in situations, whereit is di�cult to directly obtain good solutions
and approximate solutions are acceptable(Koza and Poli, 2003). An advantage of GP
in general is that it can make use of computational resources,i.e. if more resources
(time and memory) exist its parameterscan be changedto increasethe probability of
�nding good solutions. This may seemobvious, but in fact this does not hold for all
(deterministic) solution methods. Genetic Programming also allows for a variety of
extensionsand is able to handle noise and can learn from uncertain and inconsistent
examples. A GP algorithm is also highly con�gurable (initialisation method, genetic
operatorsand their probabilities, population size,selectionmethod etc.). This allows to
encode knowledgein a GP algorithm and biasing its search process.

Problems of the Standard Approach

With the standard approach we have introduced we can solve the learning problem
using Genetic Programming. However, despite the advantages of GP, there are also
drawbacks. One problem is that the crossover operator is too destructive. For GP to
work in a meaningfulway we needto have the property that applying geneticoperators
to individuals having a high �tness is likely to produce o�spring with a high �tness.
This is the reasonwhy the selectionmethods we have shown work better than merely
selectingindividuals at random. For crossover on ALC conceptsit is problematic that
small changesin a conceptcan drastically changeits meaning. Similar problemsarise
when using GP in ILP and indeeda lot of systemsusenon-standardoperators (Divina,
2006).

Another problemof the standardapproach is that wedo not useall knowledgewehave.
An essential insight in Machine Learning (Mitc hell, 1997)is that the approaches,which
usemost knowledgeabout the learningproblemthey want to solve usually perform best.
The standard GP algorithm does not exploit the subsumption hierarchy of concepts.
In Section 4 the main goal of the learning algorithm we created was to traverse the
subumption hierarchy of conceptsin an e�cien t way by using re�nement operators.
Using subsumptionasordering over conceptscan increasethe performanceof a learning
algorithm signi�cantly. Thus a natural idea is to enhancethe standard GP algorithm
by operators, which exploit the subsumptionorder.

Usage of Evolutiona ry Techniques in Inductive Logic Programming

To the best of our knowledgethere hasbeenno attempt to apply GeneticProgramming
to the learning problem in Description Logics. However, there have been several ap-
proachesto useevolutionary techniquesin Inductive Logic Programming. We will give
somepointers to such approachessincethey may be of interest for readers,who want
to have a look at the role of evolutionary approaches in logical induction in general.
We will not explain them, but instead refer to a recent article (Divina, 2006), which
describes and comparesmost of the systems,which are mentioned below. An experi-
mental comparisionof evolutionary and standard approachesfor learning recursive list
functions can be found in (Tang et al., 1998).
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The ILP systems,which useevolutionary algorithms, usually usevariants of Genetic
Algorithms or GeneticProgramming. The target is to learn a set of clausesfor a target
predicate. EVIL_1 (Reiser and Riddle, 1999) is a system basedon Progol (Muggle-
ton, 1995b,1996), where an indivual represents a set of clauses(called the Pittsburgh
approach) and crossover operators are used. REGAL (Neri and Saitta, 1995;Giordana
and Neri, 1996) is a system, which consistsof a network of genetic nodes to achieve
high parallelism. Each individual encodes a partial solution (called the Michigan ap-
proach). It usesclassicmutation and several crossover operators. GNET is a descendant
of REGAL. It alsousesa network of geneticnodes,but takesa co-evolutionary approach
(Anglano et al., 1998), i.e. two algorithms are usedto convergeto a solution. DOGMA
(Hekanaho, 1996,1998) is a system, which usesa combination of the Pittsburgh and
Michigan approach on di�erent levels of abstraction. All thesesystemsusea simple bit
string representation. This is possibleby requiring a �xed template, which the solution
must �t in. We did not considerthis approach when learning in Description Logicsdue
to its restricted �exibilit y. The systemsmentioned in the sequelusea high level represen-
tation of individuals. SIA01 (Augier et al., 1995)is a bottom-up approach, which starts
with a positive exampleasseedand grows a population until it reachesa bound (so the
population sizeis not �xed as in the standard approach). ECL (Divina and Marchiori,
2002)is a systemusing only mutation style operators for �nding a solution. In contrast
GLPS (Wong and Leung, 1995) usesonly crossover style operators and a tree (more
exactly forest) representation of individuals. In (Tamaddoni-Nezhadand Muggleton,
2000)a binary representation of clausesis introduced,which is shown to be processable
by genetic operators in a meaningful way. (Tamaddoni-Nezhadand Muggleton, 2003)
extendsthis framework by a fast �tness evaluation algorithm.

5.4 Re�nement Operato rs in Genetic Programming

Transforming Re�nement Operators to Genetic Re�nement Operators

As argued before it is useful to modify the standard GP approach to make learning
more e�cien t. The idea we proposeis to combine re�nement operators and Genetic
Programming. A disadvantage of Genetic Programming is that it doesnot make useof
the subsumptionhierarchy of concepts,which is exactly what re�nement operators are
designedto do (seeSection4). By combining both, we hope to increasethe performance
of the learner (compared to the standard GP approach). We show how re�nement
operators and Genetic Programming can be combined in generaland then present a
concretere�nement operator.

Somestepsneedto be donein order to be able to usere�nement operatorsasgenetic
operators. The �rst problemis that a re�nement operator is a mappingfrom oneconcept
to an arbitrary number of concepts. Naturally the idea is to selectone of the possible
re�nements. In order to be able to do this e�cien tly we assumethat the re�nement
operatorswe are looking at are �nite. Then we can randomly selecta re�nement. Every
re�nement can have the sameprobability of being selected. Of course, it would be
possibleto bias the probabilities of re�nements beingselectedtowards smallerconcepts.

72



However, the bias for smaller conceptsis already incorporated in the �tness function,
so a uniform distribution of re�nements should perform reasonable. Whether other
distributions are more suitable depends on the speci�c re�nement operator which is
used.

The secondproblem whenusingre�nement operatorsin GeneticProgrammingis that
a concretere�nement operator only performseither specialisationor generalisation,but
not both. However, in Genetic Programming we are likely to �nd too strong as well as
too weak concepts,so there is a needfor upward and downward re�nement. A simple
approach is to usetwo geneticoperators: an adaptedupward and an adapteddownward
re�nement operator.

A better way to solve the problem is to useonegeneticoperator, which stochastically
chooseswhether downward or upward re�nement is used. This allows to adjust the
probabilites of upward or downward re�nement being selectedto the classi�cation of
the conceptwe are looking at. For instanceconsideran overly generalconcept, i.e. it
covers all positive examples,but doesalso cover somenegative examples. In this case
we always want to specialize,so the probability for using downward re�nement should
be 1. In the opposite casefor an overly speci�c concept, i.e. none of the negatives is
covered,but somepositives,the probability of downward re�nement should be 0.

For all other concepts,which are neither overly generalnor overly speci�c, we need
to assignappropriate probabilites di�erent from 0 and 1. How do we assignappropriate
probabilites? We cameup with somepoints, which seemedreasonableto us:

1. The probability of downward re�nement, denoted by p#, should depend on the
percentage of coverednegative examples.Using � asvariable factor we get:

p#(K; C) = � �
jnegK (C)j

jE � j

In particular for jnegK (C)j = 0 (consistent concept)we get p#(K; C) = 0.

2. The probability of upward re�nement, denotedby p" , should depend on 1 minus
the percentage of coveredpositive examples.As factor we will usethe samefactor
as in the �rst case,so we get:

p" (K; C) = � �
�

1 �
jposK (C)j

jE + j

�

In particular for jposK (C)j = jE + j (completeconcept)we get p" (K; C) = 0.

3. For any conceptp#(K; C) + p" (K; C) = 1.

From thesepoints we can derive the following formulae for the probablities of upward
and downward re�nement:

p#(K; C) =
jnegK (C)j

jE � j

1 + jnegK (C)j
jE � j � jposK (C)j

jE + j
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p" (K; C) =
1 � jposK (C)j

jE + j

1 + jnegK (C)j
jE � j � jposK (C)j

jE + j

Note that the return valueof the formula is unde�ned, becauseof division by zero,for
casesin which the given conceptC is completeand consistent. However, in this caseC
is a solution for the learning problem and we can stop the algorithm (it is alsopossible
to continue the algorithm by just randomly selecting whether upward or downward
re�nement is used).

This way we have given a possiblesolution to both problems: transforming the re-
�nement operator to a mapping from a concept to exactly one conceptand managing
specialisationand generalisation.Overall for a given �nite upward re�nement operator
' " and a �nite downward re�nement operator ' # we can construct a geneticoperator ' ,
which is de�ned asfollows (rand selectsan element of a given set uniformly at random):

' (C) =

8
>><

>>:

rand(' #(C)) with probability
j neg K ( C ) j

j E � j

1+ j neg K ( C ) j

j E � j
� j pos K ( C ) j

j E + j

rand(' " (C)) with probability
1� j pos K ( C ) j

j E + j

1+ j neg K ( C ) j

j E � j
� j pos K ( C ) j

j E + j

(4)

Note, that we need two re�nement operators to construct one genetic re�nement
operator. The most straightforward way to do this is to de�ne one of the re�nement
operators (for upward or downward re�nement) and designthe other operator in a dual
fashion.

In the sequelwe will call operators like ' , which are createdfrom upward and down-
ward re�nement operators in this fashion,geneticre�nement operators.

A Genetic Re�nement Operator

Sofar, we have shown how to transform a �nite re�nement operator to a geneticre�ne-
ment operator. Now we want to de�ne a speci�c re�nement operator, which is suitable
for learning in the GP framework.

Note that the operator � # presented in Section4.3 cannot be used,becauseit is �nite.
We will designa �nite (and complete)operator. However, by Proposition 4.10such an
operator has to be improper.

Another reason,why � # is not suitable, is that it cannotdrop elements of a disjunction,
e.g. it is not possibleto reach A1 from A1 t A2 (seealso the discussionof Proposition
4.23on page39). This is no problemfor the top down search � # wasdesignedfor, e.g. we
can reach A1 directly from > . However, for the Genetic Programming approach, which
doesnot usea search tree, it is better if we allow to drop elements of a disjunction.

We will �rst de�ne a downward re�nement operator for the GP framework.
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' #(C) =

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

f C1 u � � � u Ci � 1 u D u Ci +1 u � � � u Cn if C = C1 u � � � u Cn (n � 2)

j D 2 ' #(Ci ); 1 � i � ng

[ f C1 u � � � u Cn u >g

f C1 t � � � t Ci � 1 t D t Ci +1 t � � � t Cn if C = C1 t � � � t Cn (n � 2)

j D 2 ' #(Ci ); 1 � i � ng

[ f C1 t � � � t Ci � 1 t Ci +1 t � � � t Cn

j 1 � i � ng

[ f C u >g

f A0 j A0 @T A; A0 2 NC [ f?g ; if C = A (A 2 NC )

there is no A002 NC with A0 @T A00@T Ag

[ f C u >g

f: A0 j A @T A0; A0 2 NC ; if C = : A (A 2 NC )

there is no A002 NC with A @T A00@T A0g

[ f C u >g

f9 r:E j E 2 ' #(D)g [ f C u >g if C = 9r:D

f8 r:E j E 2 ' #(D)g [ f C u >g if C = 8r:D

; if C = ?

f8 r:> j r 2 NRg [ f9 r:> j r 2 NRg if C = >

[ f> t >g

[ f A j A 2 NC ;

there is no A0 2 NC with A @T A0 @T >g

[ f: A j A 2 NC ;

there is no A0 2 NC with ? @T A0 @T Ag

Prop osition 5.13 (ALC re�nemen t operator ' #)
' # is an ALC downward re�nement operator.

Pr oof The proof is similar to the proof of Proposition 4.19 (page 34). We have to
show that D 2 ' #(C) implies D v T C. Again, we can do this by structural induction
over ALC conceptsin negation normal form. We can ignore re�nements of the form
C  C u > , becauseobviously C v T C u > (C � T C u > ).

� C = ? : D 2 ' #(C) is impossible,because' #(? ) = ; .

� C = > : D v T C is trivially true for each concept D (and hencealso for all
re�nements).
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5 ConceptLearning and Genetic Programming

� C = A (A 2 NC ): D 2 ' #(C) implies that D is also an atomic concept or the
bottom conceptand D @C.

� C = : A: D 2 ' #(C) implies that D is of the form : A0 with A @T A0. A @T A0

implies : A0 @T : A by the semantics of negation.

� C = 9r:C0: D 2 ' #(C) implies that D is of the form 9r:D 0. We have D 0 v T C0 by
induction. For existential restrictions 9r:E v T 9r:E0 if E @T E 0 holds in general
(Badeaand Nienhuys-Cheng,2000). Thus we alsohave 9r:D 0 v 9r:C0.

� C = 8r:C0: This caseis analogousto the previousone. For universal restrictions
8r:E v T 8r:E0 if E @T E 0 holds in general(Badeaand Nienhuys-Cheng,2000).

� C = C1u � � �u Cn : In this caseoneelement of the conjunction is re�ned, soD v T C
follows by induction.

� C = C1 t � � � t Cn : One possible re�nement is to apply ' # to one element of
the disjunction, so D v T C follows by induction. Another possiblere�nement
is to drop an element of the disjunction, when D v T C obviously also holds
(dropping an element of the disjunction cannot generalisea concept in negation
normal form). �

Prop osition 5.14 (completeness of ' #)
' # is complete.

Pr oof We will �rst show weakcompletenessof ' #. We do this by structural induction
over ALC conceptsin negationnormal form, i.e. we show that every conceptin negation
normal form can be reached by ' # from > .

� Induction Base:

� > : > can trivially be reached from > .

� ? : >  A1  : : :  An  ? (descendingthe subsumptionhierarchy)

� A 2 NC : >  A1  : : :  An  A (descendingthe subsumptionhierarchy
until A is reached)

� : A(A 2 NC ): >  : A1  : : :  : An  : A (ascendingthe subsumption
hierarchy of atomic conceptswithin the scope of a negationsymbol)

� Induction Step:

� 9r:C: >  9r:>  � 9r:C (last step is possibleby induction)

� 8r:C: >  8r:>  � 8r:C (last step is possibleby induction)
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� C1u � � �u Cn : >  � C1 (by induction)  C1u >  � C1u C2  � C1u � � �u Cn

� C1 t � � � t Cn : >  > t >  � C1 t > (by induction)  C1 t > t >  �

C1 t C2 t >  � C1 t � � � t Cn

We have shown that ' # is weakly complete. The completenesscanbe derived from weak
completenessby similar arguments as in the proof of Proposition 4.23 (page39): If we
have two ALC conceptsC and D in negation normal form with C v T D, then we can
construct a conceptE = D u C for which we have E � T C. E can be reached by the
following re�nement chain from D:

D  D u >  � D u C (by weak completenessof ' #)

Thus we have shown that we can reach a concept equivalent to C, which proves the
completenessof ' #. �

Prop osition 5.15 (�niteness of ' #)
' # is �nite.

Pr oof Somerules in the de�nition of ' # apply ' # recursively to inner structures, e.g.
specialising an element of a conjunction. Overall there are just �v e transformations
which ' # applies to a concept (in brackets we write why this results in only �nitely
many possiblere�nements):

� dropping an element of a disjunction (there are only �nitely many such elements)

� transforming a subconceptC to C u > (there are only �nitely many subconcepts)

� specialising an atomic concept by an atomic concept (or bottom) further down
in the subsumption hierarchy (there are only �nitely many occurencesof atomic
conceptsin a concept)

� specialisinga negatedatomic concept(seepreviouscase)

� transforming a > symbol (there are only �nitely many occurencesof the > symbol
in a conceptand the set of possiblere�nements of > is �nite)

Hence' # is �nite. �

We have shown that ' # is completeand �nite, which makesit suitable to be usedin a
geneticre�nement operator (we will de�ne the dual upward operator below). Avoiding
redundancy is not very important within the GP framework sincewe only follow one
speci�c re�nement chain anyway. (Also note that due to Proposition 4.12 redundancy
cannot be avoided in a complete ALC re�nement operator even if we would consider
this a desiredgoal.) Propernessis more interesting than non-redundancy. However, by
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Proposition 4.10 it is impossibleto obtain propernesswithout loosing �niteness (which
we stated as a prerequisite for transforming the re�nement into a genetic re�nement
operator). In particular note that the closureconstruct introduced for � # in Section4
would lead to an in�nite operator.

This is the dual upward re�nement operator, which weneedto get a geneticre�nement
operator:

' " (C) =

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

f C1 u � � � u Ci � 1 u D u Ci +1 u � � � u Cn if C = C1 u � � � u Cn(n � 2)

j D 2 ' " (Ci ); 1 � i � ng

[ f C1 u � � � u Ci � 1 u Ci +1 u � � � u Cn

j 1 � i � ng

[ f C t ?g

f C1 t � � � t Ci � 1 t D t Ci +1 t � � � t Cn if C = C1 t � � � t Cn(n � 2)

j D 2 ' " (Ci ); 1 � i � ng

[ f C t ?g

f A0 j A @T A0; A0 2 NC ; if C = A (A 2 NC )

there is no A002 NC with A @T A00@T A0g

[ f C t ?g

f: A0 j A0 @T A; A0 2 NC [ f>g ; if C = : A (A 2 NC )

there is no A002 NC with A0 @T A00@T Ag

[ f C t ?g

f9 r:E j E 2 ' " (D)g [ f C t ?g if C = 9r:D

f8 r:E j E 2 ' " (D)g [ f C t ?g if C = 8r:D

; if C = >

f8 r:? j r 2 NRg [ f9 r:? j r 2 NRg if C = ?

[ f? u ?g

[ f A j A 2 NC ;

there is no A0 2 NC with ? @T A0 @T Ag

[ f: A j A 2 NC ;

there is no A0 2 NC with A @T A0 @T >g

Prop osition 5.16 (prop erties of ' " )
' " is a completeand �nite ALC upward re�nement operator.

We omit the proof of Proposition 5.16sinceit is very similar to what we have already
shown in Propositions 5.13, 5.14, 5.15. ' " is constructed in the sameway like ' # and
has the samethe properties.
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From ' # and ' " we can construct a geneticre�nement operator asdescribed in Equa-
tion 4 (page74). This new operator is ready to be usedwithin the GP framework and
combines classicalinduction with evolutionary approaches. Below we will look at the
featuresof this approach and compareit with classicalinduction and standard Genetic
Programming.

Characteristics of the Intro duced Approach

In Section4 weanalysedALC re�nement operatorsand showedhow they canbeusefully
combined with a heuristic to form a full learning algorithm. In this sectionwe alsoused
re�nement operators, but combined them with Genetic Programming. What are the
di�erencesbetweenboth methods? In the heuristic search wehavea search tree, whereas
in the GP casethere is a �xed number of individuals. In this way we canthink of the GP
search asa set of individuals moving in the search space.Their movement is stochastic,
but not completely random (by the designof the geneticre�nement operator). We can
seethat the two approachesarevery di�erent with respect to spacecomplexity. The GP
approach needsconstant spaceif we usethe number of storedconceptsasa measure.In
contrast the search tree keepsgrowing (exponentially with the sizeof concepts). This
is, of course,necessaryto traversethe search spacein a well structured deterministic
redundancy-freefashion. Another di�erence is that in the GP approach we do both
upward and downward re�nements. In Section4 we traversedthe search spacein only
one direction (top-down or bottom-up). Using both directions of re�nement allows
to start the search from random points in the search space,which may be bene�cial
comparedto starting from either > or ? .

Comparedto the standard GP algorithm we usea mutation style geneticre�nement
operator as main operator whereasthis is usually crossover in the standard case. We
can,of course,still usecrossover (and the other operatorspresented in the introduction)
as secondaryoperators. This can be useful to overcomelocal maxima. The changesof
the operator were necessary, becauselearning conceptsin Description Logics is not a
task GP algorithms can handle naturally in an e�cien t way. This is mainly due to the
fact that the �tness landscape of conceptsis very ragged.

The bias of the learning algorithm is mostly controlled by the �tness function. We
prefer smaller conceptssincethey generalisebetter to unseenexamples.The represen-
tation languagewas only restricted in that we limit the search to conceptsin negation
normal form. Of course,this is no limitation with respect to the semantics of concepts,
i.e. we can always �nd a solution if oneexists.

Related Work

To the best of our knowledge,there hasbeenno attempt to useevolutionary approaches
for learning conceptsin Description Logics. Hence, there is no closely related work
we are aware of. For an overview of research on non-evolutionary approaches seethe
description of related work in Section 4 on page 54. Although evolutionary methods
have not beenconsideredfor learning in Description Logicsbefore,they have beenused
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for inducing logic programs. On page 71 we summarizedthese approaches and gave
somepointers to interesting papers. Someof theseapproachesrequire a �xed template
the solution must �t in. Such approachesare usually basedon Genetic Algorithms, i.e.
they do not allow a variable length of the solution. We did not considerthis approach
due to its restricted �exibilt y. The systemsbasedon Genetic Programming, i.e. SIA01
(Augier et al., 1995),ECL (Divina and Marchiori, 2002),and GLPS (Wong and Leung,
1995) are closer to our approach. Similar to our research, they also concluded that
standard Genetic Programming is not su�cien t to solve their learning problem. As
a consequence,they invented new operators. As far as we know, they did not try to
connect re�nement operators and Genetic Programming explicitly, which distinguishes
them from our approach. This strategy enablesus to make useof the powerful theory
of re�nement operators, in particular the full property analyseswe performedin Section
4. We cannot directly comparethe operators,which are usedin their systems,with the
operators we have developed, sincethe target language(logic programs) is di�erent.

5.5 Other Improvements

In this section we discussother ways of improving or modifying the standard Genetic
Programing approach besidesthe useof geneticre�nement operators.

Learning From Uncertain Data

When we discussedthe �tness measurement in our GP algorithm we have noted that it
is easyto handle noiseby including a penalty for the length of a concept in the �tness
function. Wewill now show that is alsopossible(albeit a bit moredi�cult) to learn from
uncertain data. We �rst have to introduce what we mean by learning from uncertain
data.

An examplein this scenariois a tuple (z; Target (a)), whereTarget is the conceptwe
want to learn, a 2 N I is an object, and 0 � z � 1 (z 2 R) a number expressingthe
certainty that the fact is true. z = 0 meansthat we are certain that the fact is not true.
This is what we classicallyconsideredto be a negative example. z = 1 is a classical
positive example. Often this kind of data arisesnaturally from preprocessingstepslike
Bayesianor Neural Network classi�cation, whereonecan compute the certainty that a
classi�cation is correct.

To incorporate uncertain data into the GP framework we have to modify the �tness
measurement. The idea is, of course,that a positively classi�ed exampleshould have a
high z-value and an example,which is not classi�ed as positive, should have a low z-
value. For z = 0:5 it should not matter whether the corresponding exampleis classi�ed
positively or not by a concept. (z = 0:5 meansthat the probability that the fact is true
equalsthe probability that the fact is false.) The following �tness function can be used
(we designedit such that �tness valuesare always positive):

f K (C) =
X

e2 E

sK (C; e)
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sK (C; (z; Target (a))) =

(
z if K [ f Target � Cg j= Target (a)

1 � z if K [ f Target � Cg 6j= Target (a)

The modi�cation of the �tness function is su�cien t to be able to apply the standard
GP approach. For the genetic re�nement operators we have introduced we need to
do additional work. Remember that we calculated a value which determined whether
upward or downward re�nement is used.This valuedependson the percentageof covered
examples(seeEquation 4 on page74). When learning from uncertain data we no longer
have this strict separationbetweenpositive and negative examples,sowe have to modify
this approach.

The idea is to replace the expressionsjnegK (C)j
jE � j and jposK (C)j

jE + j in Equation 4 by cor-
responding expressions,which take the uncertainty into account. We look at examples
with z < 0:5 asnegativeexamplesand z � 0:5 correspondsto classicalpositiveexamples.
The sum of the �tness valuesfor all exampleswe consideras negative is:

X

(z;Target (a)) 2 E
with z< 0:5

sK (C; (z; Target (a)))

To turn this into an expression,which correspondsto jnegK (C)j
jE � j wehaveto normalizethis

value such that a value of 1 is obtained if every negative exampleis classi�ed correctly
and we get a value of 0 if none of the negative examplesis classi�ed correctly. The
resulting expressionwe get is listed as v below (for better readability the denominator
ist not simpli�ed). Analogouslyw corresponds to jposK (C)j

jE + j . To get a better overview we
show the completede�nition of a geneticre�nement operator with support for reasoning
from uncertain data:

' (C) =

(
rand(' #(C)) with probability v

1+ v� w

rand(' " (C)) with probability 1� w
1+ v� w

(5)

v =

P

(z;Target (a)) 2 E
with z< 0:5

sK (C; (z; Target (a))) � z

P

(z;Target (a)) 2 E
with z< 0:5

(1 � z) � z

w =

P

(z;Target (a)) 2 E
with z� 0:5

sK (C; (z; Target (a))) � (1 � z)

P

(z;Target (a)) 2 E
with z� 0:5

z � (1 � z)

This extensionof the presented framework may be very useful since, as we already
mentioned, a lot of data which is preprocessedby other Machine Learning algorithms
(BayesianNetworks, Neural Networks, etc.) producesclassi�cation probabilites instead
of only binary classi�cations (true or false). What we have described above can be used
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Figure 4: learning with ADCs - main tree on the left and ADC tree on the right

to model the fact that we do not know exactly whether a fact is true or not. Please
note that the underlying background knowledgebasehasnot changed,sowe canusethe
samereasoningalgorithms asbefore. The only changeswe madewere: a) an adaptation
of the �tness function and b) a changein the calculation of the probabilities for upward
and downward re�nement in the geneticre�nement operator.

Automatically De�ned Concepts

One key idea present in Inductive Logic Programming (Nienhuys-Chengand de Wolf,
1997)is the automatic invention of newpredicates,e.g. by the inverseresolutionmethod
(Muggleton, 1995a).For learning in DescriptionLogicsthis correspondsto the invention
of new concepts,which are then usedin the de�nition of the target conceptwe want to
learn. This idea is very interesting sincepeopletend to view a machine, which automat-
ically invents somethingto improve its performanceon a given task, as intelligent.

Genetic Programming o�ers the possibility of inventing new concepts.To do this we
slightly modi�ed an approach alreadyknown asAutomatically De�ned Functions(ADFs)
(Koza, 1993) and called it Automatically De�ned Concepts (ADCs). Roughly the idea
in ADFs is to give the tree, which represents an individual, a �xed structure, whereone
subtree is the main tree and other parts of the tree are function trees. Function trees
can take arguments and return valuessimilar to functions in imperative programming
languages.

Weadaptedthis approach to the learningproblemin DescriptionLogicsand simpli�ed
this in order to reach a reasonableperformance.Insteadof evolving just onetree we now
evolve two trees. One tree is the main tree and the other the ADC tree. The alphabet
of the main tree is extendedby a symbol ADC, which represents the conceptde�ned in
the ADC tree. An examplefor two such trees is shown in Figure 4.

It is not hard to changethe standard GP framework to allow ADCs. The geneticop-
eratorshave to be changed,such that they only work on compatible trees. For crossover
we �rst selecteither the main or ADC tree randomly. If the main tree is selectedthen
we alsohave to selectthe main tree of the secondparent. Analogously if the ADC tree
of the �rst parent is selectedthen we also have to select the ADC tree of the second
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parent. After that standard crossover can be performed. Other geneticoperators have
to be treated in a similar way.

The ADC approach is not completelycompatiblewith the geneticre�nement operators
we have introduced. In principle we can �rst selectwhether we want to perform upward
or downward re�nement as usual. In a secondstep we selectwhether the main or the
ADC tree is re�ned and �nally we apply the re�nement operator to the corresponding
tree. However, the problem is that if the automically de�ned concept occurs negated
and non-negatedin the de�nition of the target concept, then the e�ect of e.g. upward
re�nement on the ADC tree may not be an upward re�nement of the target concept
de�nition. This meansthat changeson the ADC tree would not necessarilyhave the
desirede�ect.

Hill Climbing Operators

An interesting idea is to combine hill climbing methods with Genetic Programming.
The idea of hill climbing as a search algorithm is to look at the neighbourhood of a
point in the search spaceand move to that point in the neighbourhood, which is most
promising accordingto somemeasurement. In our casethis measurement is �tness and
the neighbourhood of a point in the search space,which is an ALC concept, is a set
of syntactically similar concepts. More exactly for a given concept C we de�ne the
neighbourhood of C as the set:

N (C) = f: Cg[ f Ct A j A 2 NCg[ f CuA j A 2 nCg[ f9 r:C j r 2 NRg[ f8 r:C j r 2 NRg

The genetic hill climbing operator works as follows: It takes one individual, which
represents a concept C, as input. Given C it evaluates the �tness of all conceptsin
N (C). Then it computesa subsetof individuals with the highest�tness of all individuals
in N (C) and C itself (it is a set and not a single individual, becauseindividuals may
have the same�tness). From this set oneelement is randomly selectedand returned.

This operator makes senseif we are able to evaluate the �tness of conceptsin the
neighbourhood very fast. In Section6 we will introducean algorithm, which is able to
do this. In particular it can usethe fact that we already evaluated C (obviously C is in
the population sowehave evaluated its �tness). The algorithm in Section6 caneasilybe
extendedto compute the (approximate) �tness of all individuals in the neighbourhood
with only a few basicset operations. Summedup the hill climbing operator is a way to
e�cien tly search a possibly large set of related concepts.
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6 Concept Qualit y Measurement

6.1 Problems in Concept Learning

When learning ALC conceptswithin the introduced learning framework problemscan
arise,which we will describe in the sequel.As we have introducedthe goalof learning is
to �nd a conceptC such that whenadding the de�nition Target � C to our background
knowledgebasethe positve examplesfollow and the negativesdo not follow. Example
6.1 shows, which problemscan ariseand we will later seehow they can be solved.
Example 6.1 (problems in concept learning)
Considerthe following knowledgebaseK with an empty TBox and the following ABox
A :

Male(A).
Female(B).
Male(C).
Male(D).
Female(E).
hasChild (A,C).
hasChild (A,D).
hasChild (B,C).
hasChild (B,D).
hasChild (C,E).

Let E + = f Target (A); Target (B)g and E � = f Target (C)g.
Clearly the hypothesis8hasChild :Male seemsto be an intuitiv e solution. However,

it doesnot solve the learning problem, becausethe positive examplesA and B are not
covered. The reasonis, of course,that we have the Open World Assumption in Descrip-
tion Logics. This meansthat A and B could have more children than the onesdescribed
in the knowledgebaseand thesechildren do not necessarilyneedto be male. �

In generalthe problem is that for conceptsof the form 8r:C we have that even if all
known r -�llers in A for a positive examplea satisfy C we cannot deduce8r:C(a). Even
if the useddescription languageallows negative role assertionsof the form : r (a;b) this
problem cannot be avoided, becauseit could still be that an unknown object, i.e. it
doesnot appear in A , is an r -�ller of a that doesnot satisfy C. This is due to the Open
World Assumption (OWA). Although the OWA is usually preferedwhen reasoningin
Description Logics it is a restriction for concept learning as we have seenabove. One
approach to overcomethis problem is to �x the domain of the interpretations we allow
(e.g. we only allow objects appearingin the ABox). Togetherwith allowing negatedrole
assertionsthis is one way to solve the problem2. To support this kind of reasoningin
learning algorithms in Description Logicswe createan e�cien t retrieval algorithm. The
purposeis not only to solve the mentioned problem, but also to provide a very e�cien t
method for testing the quality of concepts.

2Another way to solve this problem by epistemicoperators is described in (Badeaand Nienhuys-Cheng,
2000). Seealso the report (Motik and Rosati, 2004) about closing Semantic Web ontologies.
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6.2 A Fast Retrieval Algo rithm

As we have seenretrieval is a reasoningservice,which canbe usedfor learning concepts.
In this section we will introduce a fast and simple retrieval algorithm, which makes it
possibleto reasonunder a �xed domain. Beforewe do this, it is necessaryto introduce
somenotions.

De�nition 6.2 ( � -in terpretation)
A � -interpretation is an interpretation with domain � and aI = a for all objects. A
� -model is a model, which is a � -interpretation. �

De�nition 6.3 (instance and retriev al with respect to a �xed domain)
Let A be an Abox, T a TBox, K = (T ; A ) a knowledge base, � an interpretation
domain, C a concept,and a 2 N I .

a is an instance of C with respect to A and � , denoted by A j= � C(a), i� in any
� -model I � with N I � � we have aI � 2 CI � .

a is an instance of C with respect to K and � , denoted by K j= � C(a), i� in any
� -model I � with N I � � we have aI � 2 CI � .

The retrieval RA ;� (C) of a concept C with respect to A and � is de�ned asRA ;� (C) =
f a j a 2 N I and A j= � C(a)g.

The retrieval RK ;� (C) of a concept C with respect to K and � is de�ned asRK ;� (C) =
f a j a 2 N I and K j= � C(a)g. �

The algorithms works on a �at ABox, which only consistsof positive and negative
assertionsabout atomic conceptsand roles.

De�nition 6.4 (�at Ab ox)
An Abox A is called �at if it contains only assertionsof the form A(a), : A(a), r (a;b),
and : r (a;b) (A 2 NC ; r 2 NR ; a;b2 N I ). �

It is possibleto transform a knowledgebaseinto a �at ABox by executingretrievals
of the form : A and A for any atomic conceptA and by �nding all tuples which ful�ll
r (a;b) and : r (a;b) for any role r and objects a, b. The latter type of reasoningis
supported by someDL-reasonerse.g. KAON2. Currently many description languages
and in particular the OWL ontology languagedo not support negatedrole assertions.
However, they can be emulated by augmenting Description Logics with other Logics
(such as F-Logic (Balaban, 1995)) and the upcoming OWL 1.1 is likely to support
negatedrole assertions,becauseit will be basedon SRO I Q (Horrocks et al., 2006).

It should be noted that eliminating the TBox in this way can causea lossof informa-
tion. This meansthat a reduction of a knowledgebaseto a �at ABox doesnot preserve
equivalence. If K is a knowledgebaseand A the �at ABox obtained by transforming K
to A , then it can be the casethat for someconceptC and object a we have K j= C(a),
but A 6j= C(a). As an example,consideran empty TBox and an ABox consistingonly of
the assertionA1 t A2(a), whereA1, A2 are atomic concepts,and a an object. The trans-
formation to a �at ABox A results in an empty ABox. Hence,we have K j= A1 t A2(a),
but A 6j= A1 t A2(a).
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In the other direction, however, the situation is di�erent. If for a �at ABox A we
have A j= C(a), then for the corresponding knowledgebaseK = (T 0; A 0) we also have
K j= C(a). The reason is that Description Logics, as we have presented it in this
thesis, are a monotonic knowledgerepresentation formalism. This meansthat adding
knowledgenever invalidatesa deduction. The knowledgebaseK = (T 0; A 0) is equivalent
to the knowledgebaseK 0 = (T 0; A 0 [ A ), becausethe transformed �at ABox doesnot
contain any assertions,which we cannot already deducefrom K. Hence, A j= C(a)
implies K j= C(a).

De�nition 6.5 (C +
A ;� , C �

A ;� , r +
A , r �

A )
Let A be a �at Abox, NC the set of conceptnames,NR the set of role names,N I the
set of individual namesappearing in A and � a supersetof N I .

� If r 2 NR , then r +
A = f (a;b) j r (a;b) 2 Ag and r �

A = f (a;b) j : r (a;b) 2 Ag.

� If C 2 NC is an atomic concept, then C+
A ;� = f a j C(a) 2 Ag and C �

A ;� =
f a j : C(a) 2 Ag. Additionally we have > +

A ;� = � , > �
A ;� = ; , ? +

A ;� = ; , and
? �

A ;� = � .

� C+
A ;� and C �

A ;� are de�ned inductively over the structure of ALC concepts:

� (: D)+
A ;� = D �

A ;�

� (: D)�
A ;� = D +

A ;�

� (D u E)+
A ;� = D +

A ;� \ E +
A ;�

� (D u E) �
A ;� = D �

A ;� [ E �
A ;�

� (D t E)+
A ;� = D +

A ;� [ E +
A ;�

� (D t E) �
A ;� = D �

A ;� \ E �
A ;�

� (9r:D)+
A ;� = f a j 9b:(a;b) 2 r +

A ^ b 2 D +
A ;� g

� (9r:D)�
A ;� = f a j 8b:((a;b) 2 � � � n r �

A ) =) b2 D �
A ;� g

� (8r:D)+
A ;� = f a j 8b:((a;b) 2 � � � n r �

A ) =) b2 D +
A ;� g

� (8r:D)�
A ;� = f a j 9b:(a;b) 2 r +

A ^ b 2 D �
A g �

Algorithm 6.6 (retriev al)
We can de�ne a retrieval algorithm for a conceptC with respect to a �at ABox A
and a domain � by computing C+

A ;� . (C �
A ;� is then the answer of the retrieval for

: C.) For the executionof the algorithm we assumethat the C is storedasa tree (see
Section5) and the setsD +

A ;� and D �
A ;� for each node, which represents a conceptD,

are computedfrom leaf to root.
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We write A ` � C(a) i� C(a) is a consequenceof the algorithm with respect to the
�at ABox A and domain � . This relation is de�ned in the following way:

A ` � C(a) i� a 2 C+
A ;�

We will now analysethe properties of this algorithm.

Prop osition 6.7 (soundness)
A ` � C(a) implies A j= � C(a).

Pr oof To prove the proposition we show that a 2 C+
A ;� implies A j= � C(a) and

a 2 C �
A ;� implies A j= � : C(a). We do this by an induction over the structure of ALC

concepts.

1. Induction Base:

a) C is > .
a 2 C+

A ;� : In this caseA j= � > (a) is trivially true.

a 2 C �
A ;� : This is never true by De�nition 6.5, so the implication is true.

b) C is ? .
a 2 C+

A ;� : This is never true by De�nition 6.5, so the implication is true.

a 2 C �
A ;� : In this caseA j= � :? (a) is trivially true.

c) C is an atomic concept.
a 2 C+

A ;� meansthat we have the assertionC(a) in A by de�nition of C+
A ;� .

So by de�nition of a model of an ABox (De�nition 2.11, page10) we have
A j= � C(a).
a 2 C �

A ;� meansthat the assertion: C(a) is in A , so by the sameargument
we get A j= � : C(a).

2. Induction Step:

a) C is of the form : D:

i. C+
A ;� :

a 2 (: D)+
A ;�

( ) a 2 D �
A ;� (by De�nition 6.5)

=) A j= � : D(a) (by induction)
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ii. C �
A ;� :

a 2 (: D) �
A ;�

( ) a 2 D +
A ;� (by De�nition 6.5)

=) A j= � D(a) (by induction)

( ) A j= � : (: D(a))

b) C is of the form D u E:

i. C+
A ;� :

a 2 (D u E)+
A ;�

( ) a 2 D +
A ;� ^ a 2 E +

A ;� (by De�nition 6.5)

=) A j= � D(a) ^ A j= � E(a) (by induction)

=) 8I � :I � j= � A =) (aI � 2 D I � ^ aI � 2 E I � ) (by De�nition 6.3)

( ) A j= � (D u E)(a) (seeTable 1 on page9)

ii. C �
A ;� :

a 2 (D u E) �
A ;�

( ) a 2 D �
A ;� _ a 2 E �

A ;� (by De�nition 6.5)

=) A j= � : D(a) _ A j= � : E(a) (by induction)

=) 8I � :I � j= � A =) (aI � 62D I � _ aI � 62E I � ) (by De�nition 6.3)

( ) 8I � :I � j= � A =) : (aI � 2 D I � ^ aI � 2 E I � )

( ) 8I � :I � j= � A =) : (aI � 2 (D u E)I � )

( ) A j= � : (D u E)(a)

c) C is of the form D t E (similar to the previouscase):

i. C+
A ;� :

a 2 (D t E)+
A ;�

( ) a 2 D +
A ;� _ a 2 E +

A ;� (by De�nition 6.5)

=) A j= � D(a) _ A j= � E(a) (by induction)

=) A j= � (D t E)(a) (analogousto 2b)
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ii. C �
A ;� :

a 2 (D t E) �
A ;�

( ) a 2 D �
A ;� ^ a 2 E �

A ;� (by De�nition 6.5)

=) A j= � : D(a) ^ A j= � : E(a) (by induction)

=) 8I � :I � j= � A =) (aI � 62D I � ^ aI � 62E I � ) (by De�nition 6.3)

( ) 8I � :I � j= � A =) : (aI � 2 D I � _ aI � 2 E I � )

( ) 8I � :I � j= � A =) : (aI � 2 (D t E)I � )

( ) A j= � : (D t E)(a)

d) C is of the form 9r:D:

i. C+
A ;� :

a 2 (9r:D)+
A ;�

( ) 9b:(a;b) 2 r +
A ^ b2 D +

A ;� (by De�nition 6.5)

=) 9b:(a;b) 2 r +
A ^ A j= � D(b) (by induction)

=) 9b:8I � :I � j= � A =) (a;b) 2 r I � ^ b2 D I �

=) 8I � :I � j= � A =) 9b:(a;b) 2 r I � ^ b2 D I �

( ) A j= � (9r:D)(a)

ii. C �
A ;� :

a 2 (9r:D) �
A ;� (6)

=) 8b:((a;b) 2 � � � n r �
A =) b2 D �

A ;� ) (by De�nition 6.5) (7)

Let I � be an arbitrary � -model of A . To prove A j= � : (9r:D)(a)
we have to show : (9b:(a;b) 2 r I � ^ b 2 D I � ), which is equivalent to
8b:(a;b) 62r I � _ b 62D I � .
If we have (a;b) 62� � � n r �

A , then (a;b) 2 r �
A and an assertion: r (a;b)

existsin A . In this casethe disjunction is true, becausethe �rst disjunct
is true.
If we have (a;b) 2 � � � n r �

A we get b 2 D �
A ;� by (7). So by induction

we have A j= � : D(b) and b62D I � . Thus the disjunction is true, because
the seconddisjunct is true.

e) C is of the form 8r:D:

i. C+
A ;� :

a 2 (8r:D)+
A ;� (8)

=) 8b:((a;b) 2 � � � n r �
A =) b2 D +

A ;� ) (by De�nition 6.5) (9)
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Let I � be an arbitrary � -model of A . To prove A j= � 8r:D(a) we have
to show 8b:(a;b) 2 r I � ! b 2 D I � .
If we have (a;b) 62� � � n r �

A , then (a;b) 2 r �
A and an assertion: r (a;b)

exists in A . In this casethe implication is true, becausethe premiseis
false.
If we have (a;b) 2 � � � n r �

A we get b 2 D +
A ;� by (9). So by induction

we have A j= � D(b) and b2 D I � . Thus the implication is true.
ii. C �

A ;� :

a 2 (8r:D) �
A ;�

( ) 9b:(a;b) 2 r +
A ^ b2 D �

A ;� (by De�nition 6.5)

=) 9b:(a;b) 2 r +
A ^ A j= � : D(b) (by induction)

=) 9b:8I � :I � j= � A =) (a;b) 2 r I � ^ b62D I �

=) 8I � :I � j= � A =) 9b:(a;b) 2 r I � ^ b62D I �

=) 8I � :I � j= � A =) :: (9b:(a;b) 2 r I � ^ b 62D I � )

=) 8I � :I � j= � A =) : (8b:: ((a;b) 2 r I � ) _ b2 D I � )

=) 8I � :I � j= � A =) : (8b:(a;b) 2 r I � =) b2 D I � )

( ) A j= � : (8r:D)(a) �

The Open World Assumption in Description Logicsmeansthat we view the informa-
tion provided in a knowledgebaseas incomplete. What the algorithm essentially does
is to check only two interpretations: One interpretation, which interprets everything as
falseunlessexplicitly stated otherwise(by assertionsof the form r (a;b) and A(a)), and
oneinterpretation, which interprets everything astrue unlessexplicitly stated otherwise
(by assertionsof the form : r (a;b) and : A(a)). This approach is sound,but incomplete.

Prop osition 6.8 (incompleteness)
A j= � C(a) doesnot imply A ` � C(a).

Pr oof SeeExample 6.9 below. �

Example 6.9 (Oedipus example)
The following is the Oedipusexamplewhich stipulated a lot of research in Description
Logics(Baader et al., 2003,chap. 2). The following �at ABox is given:

hasChild (IOKASTE,OEDIPUS).
hasChild (OEDIPUS,POLYNEIKES).
hasChild (IOKASTE,POLYNEIKES).
hasChild (POLYNEIKES,THERSANDROS).
Patricide (OEDIPUS).
: Patricide (THERSANDROS).
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Assumewe want to make the following instancetest (where the domain � is assumed
to be the set of all objects in A ):

9hasChild :(Patricide u 9HasChild:: Patricide )(IOKASTE)

We will compute the set (9hasChild :(Patricide u 9hasChild :: Patricide )) +
A ;� :

Patricide +
A ;� = f OEDIPUSg

Patricide �
A ;� = f THERSANDROSg

(: Patricide )+
A ;� = f THERSANDROSg

(: Patricide ) �
A ;� = f OEDIPUSg

(9hasChild :: Patricide )+
A ;� = f POLYNEIKESg

(9hasChild :: Patricide ) �
A ;� = f;g

(Patricide u 9hasChild :: Patricide )+
A ;� = f;g

(Patricide u 9hasChild :: Patricide ) �
A ;� = f;g

(9hasChild :(Patricide u 9hasChild :: Patricide )) +
A ;� = f;g

(9hasChild :(Patricide u 9hasChild :: Patricide )) �
A ;� = f;g

This meansthat the algorithm can not deducethat IOKASTEis an instance of the
aforementioned concept. However, it is indeedan instance,by the following arguments:

Let the modelsof A bedivided in two classes.In oneclassPOLYNEIKESis a Patricide
and in the other heis not a Patricide . In the �rst classIOKASTEhasa child POLYNEIKES,
which ful�lls Patricide u9hasChild :: Patricide (*) asonecaneasilycheck. In a model
of the secondclassOEDIPUSis the child of IOKASTE, which ful�lls (*). Thus in all models
IOKASTEis an instanceof the conceptwe wanted to test. �

We have shown that the algorithm is incomplete. However, we will show that it is
complete if there is no uncertain knowledge. The reasonis that in this casethere can
be at most onemodel of the ABox.
De�nition 6.10 (closed �at ABo x)
We say that a �at ABox is closed with respect to � i� the following conditions hold:

1. for all atomic conceptsA: a 2 � implies (A(a) 2 A or : A(a) 2 A)

2. for all rolesr : (a;b) 2 � � � implies (r (a;b) 2 A or : r (a;b) 2 A ) �

Prop osition 6.11 (completeness under closure)
Let A be a closed consistent �at ABox with respect to a domain � . Then we have
A j= � C(a) implies A ` � C(a).
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Pr oof For a consistent closed�at ABox the following holds:

1. for all atomic conceptsA: a 2 � implies that either A(a) 2 A or : A(a) 2 A (but
not both, becauseof consistency)

2. for all roles r : (a;b) 2 � � � implies that either r (a;b) 2 A or : r (a;b) 2 A (but
not both)

By the de�nition of a � -model (De�nition 6.2, page85), the interpretation domain
and the mapping of individuals is �xed. Additionally a consistent closedABox also
�xes the mapping of atomic concepts to subsetsof � and the mapping of roles to
subsetsof � � � . This interpretation I � is de�ned by: A I � = f a j C(a) 2 Ag and
r I � = f (a;b) j r (a;b) 2 Ag for atomic conceptsA and rolesr . It is easyto seethat this
is the only model of A .

What we will show is that in this casethe retrieval algorithm correspondsexactly to
the semantics of ALC concepts(seeTable 1, page9).

As a prerequisitewe needtwo statements for closedconsistent ABoxes:

1. r +
A = � � � n r �

A
This is easyto see,becauser (a;b) is in A i� : r (a;b) is not in A .

2. C �
A ;� = � n C+

A ;�
We can show this by induction over the structure of C:

a) Induction Base:

i. C = > : ? �
A ;� = ; = � n � = � n > +

A ;�

ii. C = ? : ? �
A ;� = � = � n ; = � n ? +

A ;�

iii. C = A: A �
A ;� = � n A+

A ;� , becausefor any object a we have A(a) in A
i� : A(a) is not in A .

b) Induction Step:

i. C = : D: (: D) �
A ;� = D +

A ;� = � n D �
A ;� (by induction) = � n (: D)+

A ;�

ii. C = D u E:

(D u E) �
A ;� = D �

A ;� [ E �
A ;�

= (� n D +
A ;� ) [ (� n E +

A ;� )

= � n (D +
A ;� \ E +

A ;� )

= � n (D u E)+
A ;�

iii. C = D t E:

(D t E) �
A ;� = D �

A ;� \ E �
A ;�

= (� n D +
A ;� ) \ (� n E +

A ;� )

= � n (D +
A ;� [ E +

A ;� )

= � n (D t E)+
A ;�
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iv. C = 9r:D:

(9r:D)�
A ;� = f a j 8b:((a;b) 2 � � � n r �

A ) =) b 2 D �
A ;� g

= f a j 8b:: ((a;b) 2 r +
A ) _ b 2 D �

A ;� g

= f a j : (9b:(a;b) 2 r +
A ^ : (b2 D �

A ;� ))g

= f a j : (9b:(a;b) 2 r +
A ^ b2 D +

A ;� )g

= � n (9r:D)+
A ;�

v. C = 8r:D:

(8r:D)�
A ;� = f a j 9b:((a;b) 2 r +

A ) ^ b2 D �
A ;� g

= f a j 9b:((a;b) 2 r +
A ) ^ : b2 D +

A ;� g

= f a j : (8b:: ((a;b) 2 r +
A ) _ b2 D +

A ;� )g

= f a j : (8b:((a;b) 2 � � � n r �
A ) =) b2 D +

A ;� )g

= � n (8r:D)+
A ;�

Using thesestatements we have:

(: C)+
A ;� = C �

A ;� = � n C+
A ;�

(8r:C)+
A ;� = f a j 8b:((a;b) 2 � � � n r �

A ) =) b2 D +
A ;� g

= f a j 8b:(a;b) 2 r +
A =) b2 D +

A ;� )g

If we use this together with the rules in De�nition 6.5 we seethat computing C+
A ;�

correspondsexactly to the semantics of ALC (seeTable 1, page9).
Summary: We have shown that there is exactly one model I � for A . A j= � C(a)

meansthat we have a 2 C I � . We have a 2 C I � ( ) a 2 C+
A ;� , becauseapplying the

interpretation function is the samelike computing C+
A ;� . a 2 C+

A ;� meansthat we have
A ` � C(a) by De�nition of the retrieval algorithm. �

Below we will show that the algorithm runs in polynomial time.

Prop osition 6.12 (complexit y of the algorithm)
Let C be a concept with jCj = n and j� j = m.
The space complexity of Algorithm 6.6 is O(m � n).
The time complexity of Algorithm 6.6 is at most O(n � m2 � logm).

Pr oof We assumethat we have given A+
A ;� and A �

A ;� for all atomic conceps. Addi-
tionally we needr +

A and � � � n r �
A for all roles.

We will �rst have a look at the spacecomplexity. For each node in the tree (remember
that the query concept is stored as tree in the algorithm) we have to store two lists of
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individuals. There are no more than n nodes. The list of individuals haslength at most
m. Hencethe spacecomplexity is O(m � n).

For time complexity we look at the number of operationswe have to perform for each
of at most n nodes. The most expensive operationshave to be donefor quanti�cations.
As an examplewe considera node of the form 9r:D, i.e. we have to calculate:

(9r:D)+
A ;� = f a j 9b:(a;b) 2 r +

A ^ b2 D +
A ;� g

(9r:D)�
A ;� = f a j 8b:((a;b) 2 � � � n r �

A ) =) b2 D �
A ;� g

To traverser +
A (or � � � nr �

A ) wehave to look at m�m elements. For each such element
wemay have to do a lookup whetheran individual belongsto D +

A ;� (or D �
A ;� ). Assuming

that the individuals are orderedthis takesO(logm) time steps(binary search). Overall
we get a time complexity of O(n � m2 � logm). �

Why is the Algorithm Useful for Solving the Learning Problem?

There are reasonswhy the algorithm we have presented is useful despite its simplicity.
First of all it is very e�cien t. It hasa low polynomial time and spacecomplexity. This
low complexity comesat a price. We have shown that the algorithm is incomplete. For
a more speci�c case(closed �at ABox) completenessholds. We have shown that the
algorithm is soundunder the �xed domain assumptionwe made. We have also justi�ed
that the �xed domain assumptioncanbe usefulwhenlearning in Description Logics(see
Example 6.1 on page84).

In the learning problem we needto test a large number of conceptsagainst a �xed
knowledgebase. For this reasonit makes senseto do a large pre-processingstep, i.e.
the transformation of a knowledgebaseto a �at ABox, if the time per query can be
signi�cantly reduced.Especially in algorithms,which do not explicitly avoid redundancy,
e.g. the Genetic Programming approach, it may be a useful idea to use the algorithm
for an approximate �tness measure.This way the useof soundand completereasoning
algorithms for ALC, which arePSPACE-complete(Baaderet al., 2003),canbe reduced.
(The complexity of soundand completereasoningcan be even higher than PSPACE if
the background knowledgedescription languageis more expressive than ALC.)

An advantage of the algorithm is that it performsa completeretrieval at onceinstead
of performingsingleinstancetests(likemost tableaualgorithms). This is useful,because
wehave to do an instancetest for each exampleanyway. Moreover whendoinga retrieval
for a conceptC it automatically also doesa retrieval for : C, which can be very useful
if we de�ne the learning problem in such a way that negative examplesof the form
: Target (a) have to be covered (seeSection3 for details).

A drawback of the algorithm is, of course, its incompleteness. While sound and
completereasoningin Description Logicsis usually very hard, it is lessdi�cult to design
incomplete algorithms. However, there is a way to combine the sound and incomplete
retrieval algorithm with sound and complete instancetests: We �rst try to classifyall
examplesin the learning problem using the fast incomplete retrieval algorithm. By
the soundnessof the algorithm, we know that if it can classify an example then this
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classi�cation is correct. For the examples,which could not be classi�ed, we can use
soundand completeinstancetests.

The goal of this section was to look at ways to measurethe quality of a concept
e�cien tly and seewhich problemscan arisein conceptlearning in general. In particular
we showed that the OpenWorld Assumptioncanbea problemin learning in Description
Logics and gave a concretealgorithm as a way to overcomethis problem. While the
major focusof this thesisis on creating intelligent learningalgorithms wealsoconsidered
it worthwhile to devote a sectionto look deeper at the reasoningalgorithms, which form
the basisof theselearning algorithms.
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7 Summary, Outlook, Further Work

7 Summa ry, Outlo ok, Further Work

In this sectionwe will brie�y summarisethe advanceswe madein learning Description
Logicsand look at future work and perspectives.

Summary In the thesiswe analysedthe learning problem in Description Logics. First
we introduced a general framework for di�erent learning methods. Then we analysed
re�nement operators as the main method to travers the spaceof conceptsordered by
subsumption. We made a full analysis of the properties of re�nement operators and
concludedthat learning ALC conceptscan be considereda hard learning task. Never-
thelesswe wereable to construct a completeand proper re�nement operator, which may
be useful in practice. Then we showed how a redundancy-eliminatingheuristic can be
implemented e�cien tly by introducing an orderednormal form of concepts.Finally we
analysedthe properties of the resulting algorithm, comparedit to other approachesand
outlined its advantages. A new approach was introducedin Section5. We analysedthe
useof GeneticProgramming for learning in Description Logics. The standard approach
doesnot make useof the subsumptionorder of conceptsand the usedgeneticoperators
are too destructive. To overcometheseproblemswe proposedto combine Genetic Pro-
gramming with the usageof re�nement operators. We showed how this can be done in
generaland then de�ned concretere�nement operators, which can be usedin the Ge-
netic Programming framework. Someother featureslike noisehandling, learning from
uncertain data, and conceptinvention werebrie�y described. In Section6 we looked at
the problemsin quality measurement of conceptsand developed a simple approximate
retrieval algorithm as a �rst step to overcometheseproblems.

Further Work From a practical point of view, a lot of work still needsto be done. The
approachesdeveloped in this thesisneedto be implemented in order to evaluate them.
We did not perform an implementation and evaluation of the proposedapproachesyet,
sincethis would have gonebeyond the intended scope of this thesis. However, we plan
to do this in the future.

Although learning in Description Logics is currently an interesting research topic,
there are not enoughstandard benchmark data sets available yet. These need to be
created to make it possibleto comparethe performancein practice between di�erent
learningapproaches. The Semantic Web is a driving forcebehind the research in concept
learning. So naturally an idea is to embed a concept learning module in an ontology
editor. In this way wewould beableto seewhetherknowledgeengineersmakeuseof such
a module and to what extend it helps to build up ontologies. The standard approach
to implement such a module is likely to be closeto what we presented in Section 4,
i.e. a re�nement operator combined with a heuristic. We considerthe usageof Genetic
Programmingasa viable alternative for other applicationsof conceptlearning,especially
in classicalInductive Logic Programming domains.

The emphasisin this thesis was intentionally on theoretical aspects to build up a
solid foundation for later practical work. However, there is is still a lot of room for
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future theoretical advances. The re�nement operator analysismade for ALC concepts
shouldbe extendedto other description languages.This would allow us to gain a better
overviewof the hardnessof the learningproblem for di�erent languages(or moreexactly
the conceptconstructorsin theselanguages).We could alsouseit to comparethem with
other target languages,e.g. logic programs. The major pieceof theoretical work will be
to extendthe approachesin this thesisto morepowerful descriptionlanguagesthan ALC.
Ontology languageslike OWL DL o�er much more constructs than ALC. A desirable
goal is to be able to handle all classconstructors in OWL DL, which is a prerequisite
in order to usethe learning methods in OWL ontology editors. Another extensionis to
develop suitable approachesfor learning only from positive data, which has turned out
to be crucial in Inductive Logic Programming (Muggleton, 1996).

Outlo ok There hasbeenresearch in the areaof learning in DescriptionLogicsfor more
than ten years. However, we can still considerit to be in an early stagecomparedto the
induction of logic programs. As of now it is openwhether it will gain enoughmomentum
to developinto a �eld of research on its own. The successof logic programminglanguages
like Prolog was crucial for the successof Inductive Logic Programming. In the same
mannerthe potential future successof Description Logicsand ontologiesin the Semantic
Web may be an important factor for the further development and implementation of
learning methods in Description Logics. We consider it to be an interesting research
�eld with high potential.

Due to the closerelation to Inductive Logic Programming (in the broadest senseit
can be consideredto be part of it) there will be a lot of knowledgetransfer from ILP to
learning in Description Logics. However, both target languagesfacedi�erent problems,
so it is by no meanstrivial to useadvancesin ILP for learning in DLs.

From our point of view, this thesis constitutes a useful scienti�c contribution to the
�eld and many ideasmay serve asa basisof future research or in�uence it.
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